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CHAPTER 1 


INTRODUCTION AND SUM-IARY 

1.1 Scope 

This study is mainly concerned with the estimation of 
scale parameter of exponential distributiors and truncated 
exponential distributions. It is well known that the exponential 
distribution occurs quite often in life testing situations, for 
example, see Epstein and Sobel (1953, 1954), Proschan (1963), Bail 
(1978) etc. A random variable X is said to follow an exponen- 
tial distribution with scale parameter o if its probability 
density function (pdf) f(x;o) is given by 

f (x;a) = — exp(-x/a) , x>0,o>0. (1.1.1) 

0 

Suppose we have a sample of n observations such that 
(n-1) of them have an exponential distribution with pdf f(x;a) 
and the remaining one comes from another exponential distribu- 
tion with pdf -f (x; o/a) , where a > 0. No prior information 
about the outlying observation is available and the probability 
that any comes from f (x; a/a) is — . Further, given the 
index i of the outlying variable, the random variables X^,. ..,X^ 
are independent. Under this semi-Bayesian approach of Kale and 
Sinha (1971), the joint pdf of X^,...,X^ is given by 

1 ^ 

f(x. ,...,x ) = — s f(x., a/a) "]T f(x.;Ci) 

" ^ i=l ^ j=l J 

j/i. 



a 


nc 


n 


n 

r, 

i=l 


n 

T- 


Xj/o 


( 1-a ) x ^/ c 


(1.1.2) 


It is easy to show that under this model, X X are exch- 

1 n 

4 * 

angeable random variables and consequently t|iis model is called 

I 

the exchangeable model for a single outlier (Barnett and Lewis, 
1984, p. 42). An alternative interpretation for such a model 
is pi'ovided by David and Shu (1978). 

An exponential random variable truncated at x^ has 

the pdf 


f (x;o) 


!x„/a 0 < ^ « > 0- 


o 


(1.1.3) 


(1-e ^ ) 

In many experiments# it may happen that we cannot observe all 
possible values of a random variable and so we have samples from 
a truncated distribution. Cohen (1955), Deemer and Votaw 
(1955) and Bain and Weeks (1964), aiTiong others, have studied 
the truncated exponential distribution, and have also given some 
applications of this distribution. Some examples of truncated 
normal distribution are given in Schneider (1986) where another 
type of truncated distribution with proportion of truncation 
known is also discussed. Similar cases for truncated exponen- 
tial distributions are studied by Saleh et al . (1975), Joshi 

(1978), Balakrishnan and Joshi (1984) etc. 

Some estimators of are proposed and the robustness 
of these estimators when the sample contains outliers under exch- 
angeable model is studied. Most of these estimators are linear 
combinations of order statistics. Here some recurrence rela- 
tions for the moments of order statistics are derived for 



calculating the biases and mean square errors of estimators. 

While doing this study, we have also obtained some identities 
among the moments of order statistics. These may be applied 
for checking the calculations of moments of order statistics 
from exponential and truncated exponential distributions, v/hich 
are evaluated in this study. 

The main topics which are included in the thesis are 
as follows : 

1. Recurrence relations among the moments of order statis- 
tics from exponential and truncated exponential distri- 
butions. 

2. Some identities for the moments of order statistics in 
the general case. 

3. Estimation of scale parameter of an exponential distribution 
in a single outlier exchangeable model. 

4. Estimation of scale parameter of an exponential distribution 
for two outlier exchangeable model. 

5. Estimation problems for the truncated exponential distri- 
bution. 

Some of the existing results are generalized and some 
new results are obtained. Suitable tables are provided to 
support the theory . 


1.2 Notations 


Let X be a random variable having a continuous cumu- 
lative distribution function F (x), and probability density 
function f (x) . Let X^,X 2 /.../X^ be a random sample of size n 


from this distribution, and X^^^ _< 5^(2) — 


< X / ^ be the 
•- Cn) 
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corresponding order statistics obtained by rearranging 

in an increasing order of magnitude. We shall use the following 

notations and abbreviations wherever possible. 

E (x) = ' mean of X 

V(X) = variance of X 

mse(T) = mean square error of an estimator T 

i.i.d. = independently and identically distributed 

cdf = cumulative distribution function 

pdf = probability density function 

mrne = method of moment estimator 

ml = maximum likelihood 

mle = maximum likelihood estimator 



1 (a) 
Eg (a) 


, a-1 -t _ 

f t e dt, a > 0 

o 

incomplete gamma function 




1 



dt 


= 1 


a-1 -q i 

S f when a is a positive integer 

i=o ■ 

( 1 . 2 . 2 ) 



5 


r :n 


(x) = cdf of 


V 


(k) 
r :n 


Ip (x) 

E(X>^r)> 


A sample is said to be homogeneous 
the sample are i.i.d. 


if all the observations in 


Est. = estimator 

wlog = without loss of generality. 


1.3 Recurrence relations among moments of order statistics 

from exponential and truncated exponential distributions 

In Section 1.1, we have stated the exponential and 
truncated exponential distributions. Here first we give some 
additional examples where truncated distributions occur. 

(i) . Biological systems may often be presumed to include 
threshold values beyond which malfunction and death 
occurs, with the result that such extreme values are 
never observed in a functional system. 

(ii). Feedback systems, also, may generate bounded variables 
when extreme values provide the signal triggering the 
feedback mechanism. 

(iii) . Suppose there is a measuring device which is unable 
to record the values greater than some point x^, but 
the experiment is continued until a fixed number of 
measurements n are recorded and the ntmber of unrecorded 
observations is unknown. 

These examples give an idea that there are many situat- 
ions where we have samples from a truncated distribution. 
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For homogeneous samples from arbitrary distribution, 
several recurrence relations among the moments of order stat- 
istics are given in literature, for example, see Govindarajulu 
(1963), Arnold (1977), David ( 1981 ), etc ., for some such rela- 
tions. 

David and Shu (1978) have derived the recurrence rela- 
tions among the moments of order statistics from an arbitrary 
distribution when sample contains a single outlier. They have 
also applied their results to normal distribution. Recently, 
Balakrishnan and Ambagaspitiya (1988)/ and Bapat and Beg (1989) , 
have obtained similar results for doiible exponential and 
exponential distributions respectively. 

In Chapter 2, we derive some recurrence relations among 
the single and product moments of order statistics from the right 
truncated exponential distribution in one outlier exchangeable 
model, i.e., in a sample of size n, (n-1) observations have a 
truncated exponential distribution with pdf given at equation 
(1.1.3) and one observation comes from another truncated expo- 
nential distribution with pdf f(x;d/a), a > 0. In particular, 
single moments are expressed in terms of lower order moments 
of order statistics in homogeneous and a single outlier cases. 

It is shown that one can evaluate all these moments in a 
systematic manner. Some such relations for the product moments 
of order statistics are also obtained. Results for the expo- 
nential distribution are obtained as a special case. Tables 
for the means, variances and covariances- of order statistics 
from truncated exponential distribution for n = 5 and various 
a values, are given. 
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1.4 Some identj-bles for the moments o£ order statiistics in 
the general case 


Moment identities are useful for checking the calcula- 
tions of moments of order statistics. These are also useful 
in establishing some combinatorial identities. Several such 
identities are available in literature, for example, see 
Govindarajulu (1963), Joshi (1971, 1973), Arnold (1977), David 
(1981), Joshi and Balakrishnan (1981, 1982), Balakrishnan and 
Malik (1985)/ and Balakrishnan (1986) for some such relations. 
For an up-to-date summary, see, Balakrishnan et al . (1988) and 

Malik et al . (1988). 

In Chapter 3, we consider a homogeneous sample from 
an arbitrary continuous distribution and order statistics are 
obtained from this sample. Some new identities among the 
moments of order statistics are derived. These are more 
general in nature, and are also applicable v/hen extreme order 
statistics do not have finite moments. One such identity is 


n 


(n- 1+1) 


n 

(n+1) (n+2) ^j+lin+2 j — 1 ( j +1 ) ( j +2 ) ^2jj+2 * 


which, among others, is useful for distributions for which 

’'i:n+2 *’n+2:n+2 ' 

These identities may be used for checking the computa- 
tions of moments of order statistics from truncated exponential 
distribution for a = 1. We have also applied these results to 
some specific distributions to establish some combinatorial 


identities 



1»5 Estimation of scale parameter of an exponential distributioi 
in a single outlier exchangeable model 


There are many situations in which the assiimption of 
i.i.d. random variables is unrealistic. This may happen due 
to a variety of reasons and in such cases, some observations in 
the sample are either too large or too small (Barnett and 
Lewis, 1984) . These observations are suspected to be outliers 
and this situation is labelled as a outlier situation. 

In Chapter 4, we consider the estimation of scale para- 
meter of an exponential distribution with pdf f(x;a) given at 
equation (1.1.1) under the exchangeable model for a single 
outlier. 

Estimation^ of parameter o for this model has been 
considered by many authors. For 0 < a < 1, Kale and Sinha 
(1971) considered a class of estimators which is the linear 
combination of m smallest order 'statistics, and is given by 
^ m-1 

'^1 “ USTT hSi ™ 1 "• 


Joshi (1972) gave the distribution theory of order statistics 
for this case, and has 'also tabulated the optimum value of m 
for n = 2(1)10(5)20(10)50 and a = .05 ( . 05 ) 1. 00. 


Chikkagoudar and Kunchur (1980) proposed another 
estimator which is given by 


u. 


n 

S [l 

i=l 


2i 


■] 


( i) 


'3 .r. ~ n(n+l) n' 

They have shown that this estimator is more efficient than U 


7 


in some cases. 
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Kimber (1983) has also considered the estimation of 
scale parameter of exponential distribution as a special case 
of gamma distribution. Without claiming any estimator to be 
the best, he suggests to use an estimator based on first n-m 
order statistics which is of the form 


U, 


n-m 

CSX 

i=l 


(i) 


/ 



v;here C is the unbiasing factor. 

included similar estimators like 
n~2 


In this thesis/ we have also 
n-1 

Y X/,V(n-l) and 
i=l 


S X,,,|/(n-2). Joshi (1988) reviewed the estimation of o for 
i=l 

0 < a < 1 briefly, and discussed moment estimators, modified 
moment estimators, maximum likelihood estimators and modified 
maximum likelihood estimators. 

Kale (1975) and Gather and Kale (1988), have obtained 
the maximum likelihood estimators of parameters for labelled 
model, when the sample may have k < n spurious observations from 
another distribution. In Section 4.2, the solution of maximum 
likelihood equations is obtained for the model given at equa- 
tion (1.1.2) . 


In Section 4.3, exact expressions of biases and mean 
square errors are evaluated for various estimators which are 
useful for estimating o in this situation. In Section 4.4, 
the limiting values of biases and mean square errors as a 0, 
a = 1 and a -*■ «» are calculated. Saleh (1966) has considered 
the use of optimum order statistics for estimation of o. In 
Section 4.5, a similar table is given for two and three optimum 
order statistics, which is useful for the one outlier case. 
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David and Shu (1978) have studied the robustness of 
estimators for mean of normal distribution by comparing various 
estimators. Balakrishnan and Ambagaspitiya (1988) have consi- 
dered the case of double exponential distribution. Gather 
(1986) has also studied some such estimators for the exponen- 
tial distribution by premium-protection method. In Sections 

4.6 and 4.7, the robustness of various estimators discussed in 
Section 4.3 is studied. 

1.6 Estimation of scale parameter of an exponential distributior 
for two outlier exchangeable model 

When random variables are independently, but not 
identically distributed, Vaughan and Venables (1972) have 
given the density function of order statistics in terms of 
permanents. Bapat and Beg (1989) have obtained the distribu- 
tion function as a function of permanents. They have also 
obtained the moment generating function and moments of order 
statistics corresponding to independent exponential random 
variables. 

In Chapter 5, the estimation of scale parameter is 
considered under the exchangeable model when the sample con- 
tains two outliers, i.e., if there is a sample of n observa- 
tions, then (n-2) of these observations are exponentially 
distributed with pdf f(x;a), given in equation (1.1.1) and the 
remaining two come from another exponential distribution with 
pdf f (x;a/cx), cc > 0. This generalization of one outlier case 
to two outlier case has been also stji^idied by Ranganathan (1981) . 
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In Sections 5.2 and 5.3, the distribution theory of 
order statistics is discussed. The correlation coefficient bet 
een the smallest and the largest order statistics is evaluated 
in Section 5.4. Similar expression for, one outlier case is 
derived by Gross et al . (1986). In Section 5.5, the maximxam 

likelihood estimator of a is obtained. In the last section, 
robustness properties of these estimators are investigated by 
evaluating exact rnse and performing some simulation. 

1.7 Estimation problems for the truncated exponential distri- 
bution 

In Chapter 6, we consider the sample from truncated 
exponential distribution for two cases, viz.,(i) when proportion 
of truncation on right 1-P is known, and (ii) when truncation 
point X is known with pdf given at equation (1.1.3). In 
Section 6,2, the joint distribution of S =EX/.v and Y = — 
and some related distributions are obtained for case (i) .In 
Section 6.3, mle of a is derived for case (i) and the exact 
distribution of mle is also obtained for small sample sizes in 
Section 6.4. In Section 6.5, we have studied an estimator T | 
of the form aX + bX/ x . In Section 6.6, the distribution of 
T is obtained. 

For case (ii), Cohen (1955) and Deemer and Votaw (1955), i 
have considered the maximum likelihood estimation of scale 
parameter o. They have shown that mle of cr can even be infinite.; 
Bain and VJeeks (1964) have obtained the distribution of S 
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However, it has a very complicated form. Bain et al . (1977) 
gave a beta approximation to the distribution of S/nx^. For 
this case, only mle has been studied for estimation purposes 
so far. In last two sections, procedures for obtaining the 
best estimator of o in the presence of a single outlier among 
all the estimators considered are suggested for both the 


cases . 
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CHAPTER 2 


RECURRENCE RELATIONS AMONG THE MOMENTS OP ORDER STATZSTICS 
FROM EXPONENTIAL AI'JD TRUI-ICATED EXPON ENT I AL DISTRIBUTIOHS 
IN A SINGLE OUTLIER EXCHAlsIGEABLE MODEL, 


2.1 Introduction 

Suppose we have n independent random variables , .. , 

such that (n-1) of them come from a distribution with. pddE 

f (x) and cdf F (x)^ while the remaining one. has the pdf g(x) an«d 

cdf G(x). This one random variable from g(x) corresponds to 

an outlying population. The case g(x) = f (x) , represent s the 

case of no outlier, and is called the homogeneous case, let 

X. _ < ... < X_ be the order statistics obtained from JC, ... 

X . We denote E(X ) by u . and the hth moment E ]) lov" 

n r:n rsn rsn ■' 

(k) 

.u' while the kth moment of rth order statistic in a random 
r sn . 

sample of size n from F (x) will be denoted by "witb 

by only. David and Shu (1978) have shown that the pdrE o£ 

X is given by 
r:n ^ 

V=n<^^ ° ! U-2U)(1-PU))"-^ f(x) G(x) .+ 

( n~" 1 ) • ^ IT"* 1/ \ /-i -r-»/ ri““ x / h . 

Tr-i)-;-Cn-r)7 ^ (x)(l-F(x)) g(x) + 

iln-Ll) : t’hx) (1-F(x))"~'^‘^(l-G(x) ) £(x), 

<2 .1 . L ) 

where first term drops out if r = 1 and last term drops out 
if r = n. 

The cdf of X , is simply given by 
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H (x) = F . (x) + (x) (1-F (x) ) G (x) , 

r = 

H . (x) = F^~^(x) G(x), (2.1.2) 

n. • n 

J^it**** .ilLk _ ^ I 

where ^ i ^ (x) ( 1-F (x) ) is the cdf of 

rth order statistic in a sample of size (n-1) in homogeneous 
case. 

David and Shu (1978) have also obtained the joint 

density of X and X (l<r<s<n)as 
r:n s:n — — 


h . (x,y) 

rs Jn 




(n-1) I 

(r-1) I (n-s) I (s-r-1) ! 


F^“^ (x) 


. (F(y)-F(x))®”^~^(l-F(y))'"~^[f (x) g(y) H-g(x)f(y) + 


(s-r-1) ( p^^yfp ) f(x) f (y) ] for x < y 

= 0 elsewhere. (2.1.3) 

Here for r = 1, first term drops out, for r = n second term 
drops out and for s = r+1, last term drops out, and 


f (x,y) = 
rs:n 


- F^~^(x) (F (y)-F (x) ) 


. (l-F(y)) f (x) f (y) (x < y) 


= 0 otherwise, 

is the joint density of rth and sth order statistic in a sample 
of size n in the homogeneous case. 

For non-negative random variables, we can write (for 
example, see Rao, 1974, p. 94) 
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^ = / x'" 

o 


( 2 . 1 . 4 ) 


f k x^""*^[l-.H (x)] dx / 

XT • li 

o 


(2.1.5) 


(k) . ^ ^ f ) ^ 

V . = f X f (x) dx 

r:n r:n 

o 


( 2 . 1 . 6 ) 


= / k X [ 1-F . (x) ] dx . 

** r !n 
o 


(2.1.7) 


In this case, some relations for single and product 

moments are given by David and Shu (1978), Balakrishnan (1988) 

and Balakrishnan and Ambagaspitiya (1988) . 

For l<r<s<n, ju =E(X X )is given by 

— -■ r,s:n r:n s:n ^ 


issn //y • 


( 2 . 1 . 8 ) 


In the homogeneous case, this product moment is denoted 


by V j and is given by 

XjS * n 


^ X < y J- AA 


(2.1.9) 


In this chapter, we derive some specific recurrence 
relations for single and product moments of the truncated expo- 
nential model having a pdf 


1 -X 

__ — e 


f (x) 


0 < X < X 
— o 


otherwise. 


g (x) 




0 < X < X 


otherwise. 
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where a > 0 and the truncation point is fixed and assumed 
to be known. The results derived here for single moments are 
generalization of similar results for the homogeneous case 
obtained by Joshi (1978), which are given by 


-X, 


V 


V 


(k) 

_ 1_ 

(k) 

, k 

(Jc-l ) 

e ° (k) 

r :n 

F 

o 

^r-1 :n-l 

+ — 
n 

"rin 

~ F ^r:n-l 

o 







(k) 

1 

^n-1 :n-l 

4- ^ 

n :n 

X e 

o p 

n ;n 


^ n 

F 


1 < r < n- 1 , 


-X 


( 2 . 1 . 10 ) 


(k) 

The moments ja . and ,a , will be used for studying 
the robustness properties of some estimators of scale parameter 
under this set up. Note that for x^ = oo, there is no trunca- 
tion and the results are for the exponential distribution with 
a single outlier. This case has been widely studied by Kale 
and Sinha (1971), Joshi (1972), Chikkagoudar and Kunchur (1980), 
and Gross et al . (1986) . 

2.2 Recurrence relations for single moments 


The following theorem gives the main result of this 

(k) 

section, where a recurrence relation linking with lower 

order moments is derived. This allows us to evaluate all the 
moments in a systematic manner. 


THEOREM 2.2.1: 


For k = 1,2,..., 


. (k) ^ 1„ 

^r:n (n-l-Kx) 


r(n-l) f (k) ~^o ,, (k) ^ 


2- - e 

G ^ r-l:n-l 
o 


ax 


V 


(k) 

r *n-l 




1 , 2 , ..., * 1 , 


( 2 . 2 . 1 ) 


for r 
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and 

1 r Cn-1) , (k) k 

^^n:n n-l+a •- ^^n-l:n-l " ^ 




( 2 . 2 . 2 ) 


where 


F = 1 -. e 
o 


o 

/ 



= 1- 

1 < 

t < n , 


= °- 

k = 

1,2 

t = 0,1,2 


k = 

1,2, ..., 

t = 0,1,2 


Proof; From equations (2.1.2) and (2.1.5), we have. 

CO 

^rm"^' ^ (x) (1-F (x) ) G (x) ]dx, 

For truncated exponential model, it reduces to 

,.(k) . , k-1,. ,n-l, 1 S^ n-l-i 


X 

(k) ° k-1 n 1 1 i 1 h-l-i 

^r;n = ^ ^{1 - E (\^) i^) (i . 1|£-) Hx 

o i=r -^o ■^o 


X ^ 

/n-lv k-1 1 1 1 ::;CCx 

(^_^) / k x^ (1 - (i^)dx. 

o o o o 


Using equation (2.1.7), we obtain 


- I + I 

“^rin r;n-l 1 -^2' 


(2.2.3) 


where I. = 


^n-1,, , , k-l,l-e^s^ ^-e^^^ ^ 1 

(„ .) / k X {— — ) (1 - -- - ■ ) A. 

■*^r. u 

o O C 


^rli^ h k - 


-X n-r 


::;0cx , 
e dx. 


and 
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Integrating the integral in by treating for integration 

l_-x r-1 l_e^ 

and (— ^ — ) (1 - — ^ — ) for differentiation, we get 

0^0 

r, 1 1 1 7:.^ -1 tX n-r , 

I. = i ~ (1 - x^ 


G 


o o 

X 


o 


^ / xCCr-DC-j— ) (l--|r-) J- 

00 o 00 


(n-r ) (1 


- -X n-r -1 -X . -X r -1 
l-e \ e /l-e ^ -| , 

■p ) p ' p ' -1 


o 00 

On using equation ( 2 . 1 . 6 ), it gives 


^1 = 


^^r-l:n-l ^r:n-l^ 

o 


Substituting this value of in equation ( 2 . 2 . 3 ), we obtain 
(k) _ ..(k) 


1 ( k ) ( k ) 

^r.‘n “ ^r:n-l ^ ^^r-l:n-l “ ^r^n-l^ ^2 * 


(2.2.4) 


Integrating the original integral in I by treating for 

integration, and (~^) (1 - — ^;^) ^ for differentiation 

o o 

we have 


°o "2 


„ . - -X r -1 

■ n-l> rv 1 -e 


(-!){;• (1 


-X n-r -ax , - 

1 -e ^ e , k -1 

k X 


-a 


X ° ° 

o , -j ^ -X r-1 1 xk n-r -ax 

/ kOi-Dx^*’^ (^f^) (1 - -%— ) dx + 

o o o ^ 


- 1 ^-2 T -X n-r -x -ax 

/ k x’^-hr-l) (-i^) (1 - if-) |- ^ ax] - 

O O o o ^ 


I, 


X 


o 


( 2 . 2 . 5 ) 

:X 


V, T - v 1 -1 1 1 n-r - 1 „ 

r -u-. ^ T _ ,'l^-l^ . 1 K-l/l-e N /a 1 -e , -ax e - 

w^here I - .A^-i^ / k x (—jr — ) (1 - —p — ) e — dx. 

~ o o .0 o 

- -X n-r 

For simplifying I_, consider the decomposition of il - — ^ — } 

^ ^o 
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. ~x n-r -1 
as {1 - — } 
o 


1 


{1 - p— + This gives 

o o 


X 


n 1 ° V 1 1 

~ o ^o 


(1 _ 1 ^) 


. -x n-r-l 

i-e ^ -ax/, 1 ^ ' 

e (1 - — )dx + 

o 


(2.2.6) 


Comparing equations ( 2 . 2 . 5 ) and ( 2 . 2 . 6 ), we get 

X 

- + 1 ) T = ( ^ W 

a 


Ti—. “p V01 7 ^^ XT*** 1 ^ "“X O** XT ‘"•CXfX 

(-^ + 1)1 = (^:^)[/ k(k-i)x^~ 2 (-ii^) (1 - i^) ^ 


r-l‘ ' P ' p 

o o o 


a 


dx + 


X 

° k-1 1 ^-2 1 

r k x"" hr-i) (-T^) ( 1 -^) ax - 

O ^o ^o *^^o 


X 


k_i 1 1 n-r -1 ^ 

; kx ^(-i^) (1 _ lre_) i*^^(l - ^)dx]. 

o o ^o ^o 


Substituting the value of I in equation ( 2 . 2 . 5 ), it reduces to 

X 

X 
'U 

o 

X 

^ 1 k- 1,1 

F 


=o h = ax + 

O o -^O 


r-1 ° , k-l,l-i^, ^“2 -X -X n-r 

/ kx ^(-qr^) |-(i_^^) dx - 


a 


o 


o 


o 


(n-r) k ° 


n-r+a a 


v o 1 r -1 ^ -X n-r 

4 / (k-i)x’^-h^) (1 - -k^) ax - 


p 


X 


(n-r) r -1 ° k-l,l-e ^^^“2 


(n-r+a) a Jxx ti- ; 


. -X n-r -x-ax 
1 -e X e e 


dx + 


o 


X 


f p p ) I ^ ir i 1 r*" 1 ^ —X ri— r —1 

■{§zf^(l-f) / kx'^-^(if^) (1 

o O o 


•) dx]i 


which simplifies to 


°o h = ' (k-i)x''-‘‘(^) (1 . ^) - a, +: 


k-2,l-e^ 


- -X n-r 
1 -e ^ -ax 


o 


X 


(r:^ / q, ,,k-l 1-g^v 
(n-r-Kc) ' T ) 


“X r -2 


(1 


-> -X n-r -x-ax 
-i-— g ^ e e 


F 


dx +• 
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X 

T-l 1 o V 1 1 7;^ 1 n-r~l 

— — M _ Jl: ) / Ic v^"” ^ \ / - 1—6 s ~ 0 C,X 

(n-r4<x) ^ / K X } p ^ 

00 o o 


e c 


•*X. r *^X1 "I 

Writing e as [l-Cl-e )J in the second integral on r.h.s., and 
then considering the two integrals separately, we have 

X 


k 


w , „ ^ -X r-1 -X n-r ,, 

0-2 - 'r-l' -(n--¥5lT ^ Cl - i“ dx 4 

o o o 


G I, = C 5 -b 


X 


n 1 fr- ° V 1 1 . -X n-r -ax 

^r-l'^ (n-r-Hx) ^ F “ p ' p 

o o o o 


dx 


X 

p (r-l) (n-r) 1 ,, ^n-l-v i k-1 ,1-e^v 

"^o (n-r4tc) ^2 + ^r-1^ ^ ^ ^ ^“F~^ 

00 ,0 i 

- -X n-r -1 

f t 1-e ^ -ax , I 

. l, 1 - — p — ; e dx, , I 

o i 


which gives 


X 


n 1 ^ o V o 1 tx r-l , -X n-r i 

(n-l-Hx)GQl 2 = / (k-l)x^-2(i^) (1 - ■^) dx I 


X 

o V 1 1 sx: J^-2 1 ::X n-r -ax 

(r-l) S k x’^-h^) (1 - V <5^ + 

o o o 

X 

1 o , - . -X r-l - -X n-r-1 

•(n-r) (1 - ^ k x^'’^(^~^) (1 - -i^) 

. e*^^ dx] . 


Making use of equation (2.2.4), it reduces to 


(n-l+a) I, 


r;n r :n-l G 

o 


) + 

G„ r-l:n-l' 

o 


(n-1) , (k) 

^^r-l:n-l 

O' 


M l-\ 1 Ck) 

^r-l:n-2 “G ~G ^r-2:n-2 
° ° (k) 


) + 


(n-l) (1 - jr-) - r “_ 2 (l - |-) - . 


Using equation (2. 1 . 10) , we get 



, , tT (k~l),, 1 X 1 (k-1) ^ 

(n-l+a)l2 = - — ) - ^ V-l=n-l] "■ 

o o 




(n-1) [- 


(k) 

r-1 :n-l 


F 


I /"I ^ ^ ( k ) 

o 


(1 - 

O 




r:n-l (n-1) r:n-l 


G ^^r-l:n-l Cn-1) ^r~lin-l ^ 

o 


On simplification it reduces to 


(n-lta)I^ = k + (n-1) (1 - ■^)n 


(k) 


r :n 


o 


/ i ^ i ^ ^ (k) / ^ \ 1 (k) 

(n-1) (1 - Q ^^r;n-l ~ q ^r-l:n-l* 

o o 

Substituting this value of in equation (2.2.4)/ we obtain 


4’:i = 


g (k) k 

(n-l+a) ^r:n-l (n-l+a) ^r:n 


4- 


1 g ' . (k) (n-1) 1 (k) 

'( n-l+a) ^r-l:n-l (n-H-a) F ^ r-l;n-l 
o o 

(n-_l) __ (k) 

(n-l+x) F^ ^r:n-l . 


After some simplification/ we get equation (2.2.1). 

The proof of equation (2.2.2) is analogous. Now on using 
equation (2.1.2) and equation (2.1.5), we have 

n.n ^ F^“^G 

o o 


which gives 

(k) k ^ ^ , 

n:n o 1 2 


(2.2.7) 


where 


1. = r k dx. 


o 

X 


o o 


~o -, . X. -Xxii-l -ax 
-r r T k— 1 (1— s } 0 T 

I„ = J k X ■: dx. 

2 o F^“^G 

o o 

Using equation (2.1.7) for the truncated exponential model -with 
r = n-1 and n replaced by n-1, it gives 

(k) 


V 


n- 1 : n- 1 


o , . / . -X ,, n- 1 

= / k X (1 - r — ) dx. 


o 


m-1 


Hence 

G = x^ - 
o 1 o n-1 ;n-l 


For simplifying 1^, consider the decomposition of (l-e^)^“^ as 


(1-i^) ( 1-e^) . It yields 


° V 1 M ^^’i^~2-ax o VIM -x,,n-2-x(a+l) 

T - r 1 . ..k-i (.1-e ) e j.. , , k-1 (1-e } e ^ 

- J k X r — dx - / k X rr — ^ dx. 


I-n-l 
o o 


._n-l^ 

F G 
o o 


(2.2.8) 


But can also be written as 


F^“^G I = -k (l-e^)^~^ ■— 

o o 2 a 


X 


■ax 


X 


X 


+ (n-1) / k X (l-e^) 


,k-l x. -x^n-2 


o 


-x(a+l) ""o , _ , -ax 

— dx + k / (k-l)x^"^ (1-6^)’^“^ — 


a 


a 


dx . 


(2.2.9) 

On comparing equations (2.2.8) and (2.2.9), we get 

( + 1)1 = ^ ^k-1 g °(i_e^°) + / k x^~^(l-e^)/^“^ e°^^ dx 

o 


X 


'o VO h -ax 

r k(k-i) ^ 


a 


dx,. 



, ^ X r° 1 ^- 1/1 -Xvn-2 ~x(a+l) , 

where I=:/kx (1-e) e dx. 


Substituting this value of I in equation (2.2.9), we get 


, -k X e (1-e ) I- 1 ^ ^ o , . 

pn-l ^ o , (n-1) r g . , k-1 

o ^ 0^2 (n-l+a) a ^ (n-l+a) ^ 


-x^n-2 rccx .T. k . k-2/^ rx^n-l-ax ^ 

. (1-e ) e dx - / (k-Dx (1-e ) e d> 

" o 

x: 

+ k / (k-l)x^"^(l-e^)"~^ dx. 


which can be simplified to 

V T -ax -X^ : 

n_i ° 

^n— 1 y ^ t 

^o ^o 2 (n-l+a) 


+ 1 + I 

3 4' 


(2.2.10) 


( 1 ■) ^ 

where I = -p — -u xX\n-2 -ax , 

3 (n-l+a) k X (1-e ) e dx, 

o 


^ (n-1) 1 k k-2/^ -x^n-l -ax ^ 

a (1-e ) e dx. 


Using equation (2.1.5) for sample size (n-l) and r = n-1, we get 

„oc) k > , , , 

%-l:n-l ‘ ^o- ' ^ dx + 

O F G 

GO 

-Xvn-2 -ax 

O F G 

O O 

which gives 


(F^“^G )"^ I- - p,^^\ . - x^ + / k x^“^ . lit e l- 

o o (n— 1) 3 n-1: n-1 o ^n-2_ 

O Jb G 

O O 


Using equation (2.1.7) for sample size (n-2), it reduces to 


(n-l+a) 1 (V) V x^ _ 

THTlT h = - -o + c" 

o o o 


dx* 



similarly Uiiing equation (2.1.5) and (2.1.7), we obtain the 


value of as 


(n-l+a,)_ 1 


a 


k-1 _ (k-1) 

T = — hf ^^“^) j- o ^n-1 ;n-l ^ 

_n-l -^4 a ^^n:n o G 

o 

o o , 


Substituting these values of and in equation (2.2.10) 
we have 


k-1 -ax 

j _ o (n-1) 1 , (k) 

2 (n-l-Ki)G (n-l+a) * F ^^n-l;n-l 

o o 


k (k) 

k , ^o ~ ^n-2:n-2^ 
^o ^ 


k-1 ,/k-l) 

+ a is („ (5^-1) _ k-1 _o " ^n-l;n-l . 

(n-l+a) a^^n:n ^o G ’ 


Sixbstituting the values of and in equation (2.2.7), it 
gives 

. (k) _ ..k o ^n-l:n-l , (n-1) 1 / (k) k . 

■“•nin - - r + Tiia«)' ' G + 

o o 


k-l-ax^ 


k X e 


k (k) 

^o ~ ^n-2;n-2 v _ ^o ^ a k. (k-1) k-1 

G ~ (n-l+a)G (n-1-KiT a^'^n:n " ^o 

o o 


^k-1 _ (kq) 

o n- 1 : n- 1 


) . 


(k) 

Using equation (2.1.10) for ^n-2Sn-2' simplifying, it 

reduces to 


,, (k) _ 1 r (n-1) , , (k) k -Xq a , (k) k 

^n:n (n-l+a) ^ F ^%-l*n-l ~ ^o ^ G ^^n-l:n-l“^o ® ^ 

o o 

n:n 

This completes the proof of the , theorem. It can be 
seen that on taking a = 1 in equations (2.2.1) and (2.2.2), we 
immediately get the recurrence relations given at equation 
( 2 . 1 . 10 ) . 



COROLLAl^Y 2.2.1: 


For samples containing a single outlier from 


an exponential distribution 




(k) 

r :n 




(k) 

r-1 :n-l 


+ a O' 


(k) 

r- 1 : n- 1 


+ k 


r :n ■' 


( 2 . 2 . 11 ) 


Proof: The proof follows immediately on taking limit as 

■* «» in equation (2.2.1) and equation ( 2 . 2 . 2 ) . 

( k) 

In this case, the moments can be obtained by using 

equation (2.2.11). However, means, variances and covariances 
can be more easily calculated by the method described in Joshi 
(1972) . 


2.3 Recurrence relations for product moments 

It is also possible to derive recurrence relations for 
some product moments. Here we first obtain such relations for 
Ml and i general ii^ the integrals involved 

^ • Xjl XjL"""* Jm, ^ Xi # Xa XT f o • 

are very complicated. These relations also extend the recurr- 
ence relations obtained for ju for the untruncated case by 

r, s : n 

St al . (1983) and Balakrishnan and Joshi (1984) . 


THEOREM 2.3.1 ; For n = 3,4,..., 

M = i fn + i— ^ 1 . 4- — 

^l,2:n (n-2+a) ‘-^l:n 2a ^1 ;n F 


° (n-1) (g+l) , (2) ! 

2a ^l;n-l' 


-X 


o 


-ax. 


F._ ^^“^^^1, 2 :n-l 


ae 


y 


1,2 :n-l 


(l-g) 
aG 


V 


o 


o 

-ax„^ -X 

e o . (n-l)(l-a)v ,(2) ' (n-l)(l-a) e ^ 

"^Ijn-l 


1 :n-l 


(1 + 


2a 


2a 


-ax. 


^l:n-2-' 


(2.3.1) 




For n > 2, 


«n-l,n=n = ^^n-l=n ' — T" + -^ F 


^.^"l)^n-l :n-l (a+1) 


P '"n-l:n-l 
o 


(n-1) (a+1) ,.(2) ^n-1 :n-lr““^o ,1 


(1-a) 


n-1 : n- : 


(1-a) (n~l) e ° X 
2a“F ~ 


^J:[e”"°(i - 1 4- X ) - 

G CX O CC 

O 

1^0 ,2 


(2.3.2) 


where the notations are same as in Theorem 2.2.1. 


Proof: The method used in proving these results is analogous 

to the one given by Joshi (1982) . We write 


a- = E(x^ x° ) . 

T 1 :n 2 :n 


From equation (2.1.3) and equation (2.1.8), we have 


1 ^“3 

(n-1) (n-2) // x(l - — ) (1 

w ^o 




■) p — jT- dx dy 


o o 


+ (n-1) [// X (1 - 


. -y n-2 -X -ay 
1-e-^ ^ e ae 


\ e ae , 

^ “ “g~ 

o o 


^ 7:7 n-2 -y ^~ax 

+ ff xd - |- dy], 

w * o o 


where w = { (x, y) ; 0 < x < y < x^} is the region of integration, 
For simplif ying ,we write .u. . as 


d 1 , “ ^•3 

J- • n i. ^ 3 


(2.3.3) 


Then v/e consider these integrals separately. Now 


o -X 

=- (n-1) (n-2) / X J. dx, 

o o 


where 



X 

o 

= / (1 
X 


(1 


1-e 


ay 


) — dy. 


G P 
o o 


which follows on integration by parts by treating 1 for integ- 

-y n-3 - -ay -y 

1-e ^ V e-^ 


ration and (1 - ) 


(l - — ~ - g — ) for differentiation, 

^o o 


Substituting this value in 1^, we get 


X 


T - -X n-2 

(n-l)(n-2)[- / x^(l - (1 


T -ax -X 
1-e ^ e 

— ^) — dx + 

o o 


(n-2) fl xy(l 
w 


- -y n-3 . -ay -y -x 

\ I ^ 1-e ; e-^ e 

—p — ) ^ 1 - — 0 ) ~ — dx dy + 

o o o o 


/ / xy i 1 - 


w 


1-e 

F 


-y n-2 -X ^-ay 

pi . o (If o 


e" ae , e ° , 2 , , 

dx dy - p — / X (1 

o o 


F G 
o o 


. -X n- 3 
1^) 

Tn * 


- -ax -X 
/•-I 1-e e , . e 

(1 _) _ dx + 


-X, 


-y-x 

0“* 0 


o 


-y n-4 . -ay 

p (n-3) // xy(l - (1 - ) 


o 


w 


F O W O O O 


dx dy] . 


Simplifying for and in an identical manner, we get 


X 


- - . -X n-2 -ax -x 

I 2 = (n-l)a[- / x^(l - -f^) f- 

O O ^o ^ o 


dx + 


(n-2) ff xy(l - - -- - - ■■) 


w 


F 


e*" e e . . 

F" “ f" 


1 -y n-2 ^-ay -x 

+ £gl|-<axdy], 


w 


G F 
o o 


X 

"o ^ . -x n-2 -X „-ax 

I 3 = (n-l)[- / X^d - + 

o o o o • 


(n-2) // xy(l 

w 


SY n-3 -y 2 -ax 

) (:;v) — — dx dy + 


(— ) 

F ' ^F G ■ 

o 00 


// xyd - 


v; 


1-e 


o 


Y n-2 -y ^-ax 


e-' ae 
F 


G 

o o 


dx dy] . 


Substituting the values of in equation (2.3.3), and 

using equations (2.1.5) and (2.1.8), it gives 




1 ;n 


(n-.l)q.j2) e 


(2) 


(■ 9 \ 'w' 9 - X n— 2 

l:n ~ F ^’^■*^^^1 ;n-l ^ x'^d - p'“ ) 

o o 


X 


""o „ . -X n-2 ^-ax ~x 

. (1 - -7:; — -) — dx - (n-1) / x^(l - — ^ 


G " P 
o o 


■) 


-X. 


+ ^n-.2)M^^2;n ■*■ ^5' 


o 

JCX 

ae e 


G F 
o o 


dx 


(2.3.4) 


v/here 


= (n-l)(n-2)[ // xy(l - -ij^) 
v; o 


. -y n -2 -X -ay 
1-e-^ ^ e ae 


F — dx dy + 
o o 


-X 


p 


// xy(l 


o w 


, -y n-3 -X ^-ay 
L-® \ e ae , i 

•) :::: dX oyj + 


F G 
o o 


1 2:7 n-2 ^-ay -x 

( n- 1 ) a / / xy ( 1 - ~ — ) dx dy -i- 

w o o 


(n-1) // xy(l - - ■ ^ - — •) 


_y n-2 -y ^-ax 


w 


l~e 


o 
n~2 


^ dx dy. 


Decoinxjosing {1 ~ — — ] as {1 - 

r 

O 

first integral, we get 


o 


i-sy,"-^ 

F ^ 
o 

1 

d - — + ~ 
t F F 

o o 


} in 


^ - -y n -3 -X -ay 

Ig = (n-1) (n-2)E(l - ■^) Tf xy(l - — p— - ) — dx dy + 


o w o 

1 rY n-3 -X ^-ay -y 
l-e-' N e ae e-^ , 

Y' — ax dy + 


F G 
o o 


Sf xy(l - -i^) ^ ae e 


o o o 


w o 

“^o -y n -3 -X -ay 

© / -t 1— e ae 


ri xy(l - -i~) 


o w 


F G 
o o 


dx dy] 


(n-l)a // xyd - “ — ) 

F 


w 


-y n-2 _-ay -x 
1-e-^ N ae e 

G F 
O o 


dx dy + 


o 


(n-l) ;j. xyd - cte' 


w 


i-iyy-2 sy ai“ , ^ 


o o 



,, ,, i-e“y , 1 

Writing 7; — as tl - — - — + — — 
o 00 

simplifying, it gives 


1) in second integral and 


1 -^Y 1^-3 -ay -x —y 

= (n-1) (n-2)a[ // xy(l - (1 - |- |- dx dy + 

w o o o o 


-ax 


o 


G 


/ / xy ( 1 - 


1-e 


-y n -3 -X -y 


o w 


e e- 

F F 
o o 


dx dy] + 


(n-l)a // xy(l - 


1-e 


-y n-2 ^-ay -x 


w 


Oje 

G F 
o o 


dx dy 4- 


1 ZY ^-2 -y ^--ax 

(n~l) // xy(l - f- dx dy. 

w 0*^0 

Now using equations (2.1.8) and (2.1.9), we get 


-ax 


X 


a 0 

^^5 = ‘=‘>"l,2:n -r- ^l,2:n-l J' yU- j, 


1-e 


n-2 


~ 1(3 dy, 

o 


where 


== / X — dx 
6 G 

o o 


vi°^y 


aG aG 
o o 


Substituting this value in I^, we have 


-ax. 


X 


“-1.2=n-^ 


V 


l,2;n-l (l-a)[- / y^d _ 

o 


l-e^ n -2 


-y -ay o l_e^ n-2 -y -ay 

dy - / y(l - — — ) 


F G 
o o 


^o 
/ y( 


9 [ 


O 


0-^ e 

F aG 
o o 


dy 4- 


1-e 


^y n-2 -y 


o o 


dy]. 



using equation (2.1.6) and making the transformation x 
obtain 


Y/ we 


^5 ^^l,2:n ^l,2:n-l ^l:n-l 

r 2, -X -ax ^o l_e^ n-2 

• [- / X (1 - ~ — ) — — dx. - f x(l - — — ) 

o o o o o ■^o 

-X -ax 
o o 

Substituting this value of in equation (2.3.4) and simpli- 
fying^ it reduces to 


~ P ^^~^^^l;n-l (^~2+a)b,^ + 


'1 , 2 :n 


-Xo 


o 


(n-1) (1-a) 


(2.3.5) 


o - -X n-2 -x(a+l) 

where = / x(l - — ) -- -g-p — dx. 

o o o o 

This can also be written as 

-J gx n-1 -ax "^‘o n-2 -ax 

q = /xCl-^) +1- , .(1 . i|S-) 

o o o o o o o 

From equation (2.1.5), we get 


(9) ^ 

a'.' = / 2xCi - F 


1 :n-l 


. -X n-1 - -ax 

(x) - (1 - — ) (— — )] dx. 


On using equation (2.1.7), it gives 


,,^2)- ,,(2) 1 ^ . ^ro o 

^1 :n ^l:n-l ~ ^ 2x(l - ^ ) ^ dx H / 2x(l- p ) 

o o o o o o 


o 


Q (D l 



Again using (2.1.7), we have 


(2) _ (2) 1 (2) 

^l:n l:n-l G ^l:n-l 

o o 


X _x n-1 -ax 

, 1-e e 

+ / 2x ( 1 “ p G 

o O 


dx. 


which gives 


X 

O -X n-1 -ax 

S 2x(l - -i^) e 


-ax 


F 


o 


dx = + 


o (2) 


G ■ '^l:n G, 


V 


1 J n- 1 * 


Using this eguation, can be rewx'ittsn ss 


^ = X— fu, ^ 4- 

■7 2 a ^ 


-ax 


,(2) e 

1 :n-l 


-X. 


, ( 2 ) 

5n-l 


o 


-ax 


Substituting this value of in equation (2.3.5), it reduces to 


~x 


U- 


(l-a) 


V. 


p— (n-l)ai^2;n-l ^l,2:n-l "1-^-1 

—X —ax 

(n-1) (i-g) . ( 2 ) (ivajl e ? , (2) 

2a -J G^ ^l;n-l “ 2a G^ 1 :n-2 


[1 + 


On rearranging the terms, we get 


u 


= 1 (n-1) (a+1) (2) + ,, (2) 

1.2:n In- 24a) 1-^1 :n 2a ^i:n 2a ^l;r 

-ax 


-x 

- (n-1) I — IX 

Fq l,2:n-l 


Pq ""lin-l 


ae 


o 




1, 2 :n-l 


4 (1 4 


~ax 

J n-l) (l~a 2 ^ e^ ^( 2 ) 4 . 

j' 1 • n— X 


2 a 


_(n-l) (l-g) e 


(l-g) 

aG^ ^i:n-l 


-X 


-ax 




*'i:n-2 


which is the required result. 

The proof of equation (2.3.2)/ is similar to the proof 
of equation (2.3.1) . We now start with 
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'"n-l=n = ^‘^n-l=n^n:n>- 


On using equation (2.1.3) and equation (2.1.8), we have 


ju 


n-1 :n 


. -X n-3 -ax -X -y 

(n-1) (n-2) ff X (— p ) ( — (^y 

Wo 


G ' F F 
o o o 


(n-l)[ ff x(-i^^) 


ae 

G 


1 ^-2 ^-ax -Y 

1 — e < rr. (=> o-' 

X \ 

W “ o ~ o o 

^ -X n- 2 -X -av 
1-e X e nf.(= 

F 


dx dy + 


/ / x('^„'^ ) •— — hx dy] . 


F G 

w o o o 

Proceeding in a similar manner as in the proof of equation 
(2.3.1), we obtain 

-X 


/i 


n-1 ;n 


= (n-l)(n-2)[-| ; (1=|_) I- dx 

O o ^O o o 


^o , 1 ^X n-3 -ax -2x 

/ xh^) (^^= 1 —) ® 

o o 


-__-x n-3 

2 dx + // xy(- -p - ) 

o w o 

-X. 


O X 

X e o . -X n-2 

. ( — _) — dx dy] + (n^l)[-g / x(-^^~) 

jb 


-ax -X -y 

*=5 6 *^ 

o o 

X 


G ' F F 
o 


o 


o 


-g— dx - / X (-^) |- dx + 

o o o ^ o 


ff xy(-^) 
w ^ o 


- -X n-2 ^-ax -y 
G_ F 


-ax 

ax e ° ^o . -X n- 

dx] + (n-l)[ — 2 f 

O "o . ^o o ■ o 


O 9 d -X n-2 -X -ax 
•X — dx - a / X (— ) •— — dx + 

o O ^o ^ 0^0 

9 1 ^~2 -X -ay 

a ff xy(-| ) ™ - — dx dy]. 

w o o o 


Using equations (2.1.4) , (2.1.6) and (2.1.8), it simplifies to 

-X, 




n- 1 : n 


(n-l)x e . ax e 

H + o 

F^ ^n-l:n-l g 

o o 


V 


n-1 :n-l 


tn-l) (2) 

'"n-l.-n-l 







(l^<xx ) 


o 


CLG 


(a-l) 


• >'n-a=n-l - ^ ^8 - 


(2.3.6) 


where 

-X n-2 -ax -X 

Ig - / X ( p ) dx. 

Q O O O 

We can also write I as 

U 

, -X n-2 -ax '^o , -x n-1 -ax 

la = J- x(^) |-p- dx - ; x(^) §- dx. 

o o o o o o o 

Using equations (2.1.5) and (2.1.7) for k = 2, we get 

T - iri- n,^2) _2 ^ 1 , 2 (2) (2) 2 

° ^ n-l;n-l o o n-2: n-2 n:n o 

^ o ^n-l;n-l-' * 

Substituting this value in equation (2.3.6) and simplifying, 
it gives 


jU 


n-1 :n 


X 

= (n-1) -i u 


-ax 


n-1 : n-1 


+ (:r + X - 1) ® 


a 


G ■ ^n-l:n-l 


Inziil(^ _ Du ^2,) 

^2a "-^^n-lin-l 


t (n-1) (1 - ^)u^^^ + 
2a n:n 


4 


n- 1 , n : n 


r (1 . inUl^,-C2) 


2a 


n-1 :n-l 


-ax -X 

(n-1) (g-l) (2) (n-D(a-l) 2 e ° e ° 

2aG ^n-2:n-2 2a ^o F G 

o o o 


how rearranging the terms, we obtain 

-X 


^ n- 1 , n : n '*^n- 1 : n 


(n-1) x^e 
o_ 

F 


-ax 


1 .r. 1 - +X -1)% 

n— 1 : n— l a o G 


o 


V 


o 


n- 1 : n- : 



(n-1) (1 - 


(n-l) 


F '2a 
o 


1)H 


( 2 ) 

n- 1 : n- 1 


+ 

2a n:n 


(n-l) (g-l) (2) +l_(i (n-l) (a-l) v (2) 

2aG n-2:n-2 G ^ “ 2a '^^n-l:n-l 

o o 

(n-l) (a-l)x^ -X 

o e e 


2a 


G F 
o o 


Using equation (2.1.10) and siraplifying, we finally obtain 

-X 


X e 

^n-l,n:n ^n-l;n “ F ^n-l:n-l ■** 


u.^2) 

(n-l) (g+l) ^n-1 :n-l 
2a F 


-ax 


AlklllS^dlll n(2) _ ^ - 1 + X )1 

2a ^n:n a G. 

./2) -X 

. ^n-l:n-l (n-l)(l-a) 2 e ° 

+ ::: rr: x . 


2a 


o F 


o o 

This completes the proof of the theorem. 

For the remainder of this section we consider the 


untruncated case when x^ = oo. Similar to the case of single 
order statistic moments/ we now have the following result. 


COROLLARY 2.3.1 ; For samples containing a single outlier from 
an exponential distribution, we have for n = 3,4,..., 




1, 2 in 


1 r,, . (n-l) (g+l) , (2) 

(n-2+a) ^^l:n ^ ' 


2a 


'1 :n 


y 1 


(2.3.7) 


and for n = 2,3,..., 


jU. 


n- 1 , n : n ' 


(n-l) (g+l) , (2) 

^n-l:n 2a ^n-l:n.-l 


+ V 


( 2 ) 

n- 1 : n- 1 


jj, ^2) y ^ V 

n;n a n-l :n-l 


(2.3.8) 


Proof : The proof follows immediately on taking limit as 


x^ -» oo in equations (2.3.1) and (2.3.2). 
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We next derive a recurrence relation for a for 

r , s :n 


other values of r and s. 


Tl-iEOREM 2.3.2 : For samples from exponential distribution, 

containing one outlier, we have 


(a) Id 


r, r+1 ;n 


(n-r-l-Kc)-! ^ <2) 

L I ‘ r :n 2 2 r:n 


(l-a) .^(2) 

r -n-l 


(n-r) 
(l-a) 


^2=2 , + " 


r :n-l 


and 


], r= l,2,...,n--l 
(2.3.9) 


(b) Id 


r, s in ( n 


,-s-Kx) ^^rJn s-1 :n “ 2 


(l-a) ..(2) 




r :n 


j=o 


(i-g) ,,(2) 

2 ^r:n--l 


lirol 2, 

(n-r) ^r 


sn-1^ ' 


(2.3.10) 


where s-r > 2 and 1 < r < s < n. 


Proof I Here we again use the technique used by Joshi (1982), 
by writing 




r :n 


E (X 


:n '"r+l;n^ 


From equations (2.1.3) 

= (n-1) I 

^r:n (r-2) i (n-r-1) J 

(n-l)i 

(r-l) I (n-r- 2 ) I 

. ( n- 1 ) ! 

(r-l) I (n-r-1 ) I 

, (n-1): 

(r-l) : (n-r-1) : 


and ( 2 . 1 . 8 ), 

// x(l-e^)^~ 
^^1 

// x(i-i^)^~ 
w^ 

// x(l-i^)^~ 

Wi . 

■ // x(l-e^) 

w^ 


we have 


2 ,-y,n-r -x,^ -axv , 

(e-^) e (1-e ) dx dy 


1 /-y,,n-r-lH-a -X , 
(e-^ ) e dx dy 


1 /-ysn-r-l-Kx „-x q , 
(e-^) ae dx dy 


‘^-2 dx dy. 



where = [ (x,y) :0 < x < y < <»} is the region o£ 

Here for r = 1, first term drops out, and for r = 
second term drops out. 

This can be rewritten as 


, , (n-1) ' / . -X V r- 2 ( ^ -ax ,, -x \ 

V, ~ I ~ TTT ^ xCl-e ) Cl— e )e r^^"^ 


r;n (r-2) I (n-r-1) I 
Cn-.l) 1 


o 

oo 


(r-l)T(r-r-2T7 

o 


o 

(r-l)T(n-r-l) : ' ^ cc5“^ dx. 


where 


J, (x) = / dy 


X 


= -xe +]c / ye^dy. 

X 


Substituting this value in equation (2.3.11), it gives 


jU. 


(n-1) ! r f ..2fi -Xsr-2 -(n-r+Dx ,, -ax> 


r ;n (r-2) ! (n-r-l) ! 


7 [- / x'^Cl-e^) 


Cl-e^"^) 


oo w 

/ S xy(l-5^)^-2 i^(l-5“) (n-r) dy dx] + 


O X 


(n-1.)! _ j-_ /°° x^ ( 1-e^) r(n-r+a)x ^ 


(r-1) ! (n-r-2) ! 


ax + 


OO CX3 

/ / xy(l-e^)^“^ -(n-r-l+a)y <3.y (jx] + 


O X 


. (n-1) ! r p - 2,^ rX\r-l ..-x -(n-r-l-Kx)x , 

"(r-'f) yCnlrlTri ^ ^ ^ ^ 

O. 


/ / xyd-i^j'^-l 5=^ (n-r-l«)) dy dx - 


;'0', ,'X 


OO CO 

, 2,. -x^r-1 -ax -(n-r)x , , - ^ -x>,r-l -ax 

J X (1-e ) ae e dx + f f xy(l-e ) ae 

O' ox 

^_(n-r)Y , 

lJs±n<g equations (2.1.4) and (2.1.8), we, have 

(:n-r-l+a)(j.^ + -(r-fu (n-r-H i ^ ^ xyd-i^)’^-^ 

OX 

e^(l-e*^^) ^ ^ (n-r)/x^^^ + 

IT 2 n 


u- 


r =n 


(l-a) (n-l) l , , ae°^^ 


Cr-l) : (n-r-1) : 


i* / / xy(l-e ) 


dy dx + 


o X 


(l-a) (n-l) ! r ..2 


( r-1) I (n-r-1) I 


r, -Xst-l -(n-r)x -ax , -i 

7 L/ X (1-e ) e e dxj - 


For simplifying, we write it as 




- ' 1 1 i 

r;n '■ (r-2) I (n-r-1) 1 


. t (i-5“^)5^ j (X) dx 


n-r 


(r-1) I (n-r-1) i 


. {/ x(l-e^)^“^ ae°^^ J (x) dx + / x^(l-e^)^"^ x('n-r)x 

n-r 


o 

-ax 


dx}]. 


•whiexe 


o 


J (x) = / ye 
n-r- ■ 


(n-r)y 


dx 


-x 

-(n-r)x -(n-r)x 

X e , e 

~Tn-r)"" 


(n-r)2 • 

Suhstututing this value in ii , and using equation (2.1.4), we 

r ♦ n 

qe t 



(1-a) (n 1) i ^ -(n-r+u.)x (2.3.12) 


(r-1) 1 (n-r) i 


From equation (2.1.4) for k = 2, we have 


= f 2x[l 


F . ,(x) - -(n-r)x,. -ccx 

• X*l ** "Xu •ala 


(l-i“)]dx. 


Using equations (2.1.6) and (2.1.7), this gives 

..(2) (2) ^^r:n-l . ^,n-l^ f” -(n-r4a)x -x^r-l ^ 

‘^r=n ° ^r;n-l - ' (n-r) ' t ^ 


Substituting the value of the integral in equation (2.3.12), 
v/e get 




r,r+l;n (n-r-l+a) '■ (n-r) '"rtn 


r (n-r-l+a) , , l-a^ (2) 

! 7 > — u + (n-r- — T")it - 


(1-a) „(2) 


(1-a) 


■:n-l^ ' 


2 ^r:n-l (n-r) ^r 

which completes the proof of part (a) . 

The proof of part (b) of the theorem is again similar 
to the proof of part (a) . We now write 


jU = E(X X° ) for s > r+2. 
r;n r:n s:n — 


Using equations (2.1.3) and (2.1.8), we have 


^r :n 


(n-1) I 


rr M -X/-x -Vn s-r-1 

Sj X (1-e ) e (e - e-' ) 


(r:;2) ! (s-r-1) ! (n-s) i 

5(n-s+a)y ^ ^ 


dv + — — — -iiltll-i — 

ax dy H (r-1) ! (s-r-1) ! (n-s-1) 1 


ff X 
w^ 


(n-1) 1 rr .. r ^ ■=x:<,r-l ^-x -y^ s-r-1 qgX 


(r-1) I (s-r-l) i (n-s) i 


—[a // x(l-i^) 


w. 


_g(n-s+a)Y ay + n 5“ 


w. 



-(n-£!+l)y ^ 


(n-1) 


(r-l) 1 (s-r-2) (n-s) i . 

-Xsr-l/-x -yNS-r-2/-ax ~av^ -x -(n-s+l)v , , 

// xCl-e ) (e -e-^; (e -e - ) e e * dx dy. 


V/, 


For siraplif ying, v/e v/rite as 

JC • II 


w- 


r :n 


II + + I4 + I5/ 


(2.3.13) 


where for r = 1, is zero and for s = n, is zero. First 
consider I. 


(n-1)! „ . rX^r-2 rCCXs-x ^ ^ , 


I. = 


where 


Jj(x) = / jln-s+Dy (-X _ gYjS-r-l 

X 

Integrating J^(x) by parts, treating 1 for integration and 
e (e -e-^ ) for differentiation, we get 

Jj = /"y[(n-s+I)i‘"-®+ny (-x_5y)S-r-l _ 

X 


(s-r-l) (e^ - e^) 


X -Y^s-r-2 -(n-s+2) 


dy. 


Then substituting this value in I^, it gives 


I. = 


(n-1 ) ! 


1 (r-2) ! (s-r-l) ! (n-s) ! 


T [(n-s+l) If xy(l-e>')'''2 


■ax^ 


^1 

.(i=^ - ^ xy(l-i^)^-2 


w. 


5Cn-s+2)y 


Vi?riting for also in a similar manner, substituting 

these values of in equation (2 . 3.13) , and using equa- 

tions ( 2 . 1 . 3 ) and ( 2 . 1 . 8) , we have 



/ (a-1) (n-l) i -x^r-2 

l^r:n = s m ’ (r-2; ; (s-r-l) : (n-s)'; // > 




dx di 




(r-1) ; (s-r-l) i (n-s) i 


-(n-s+l)Y ^ , (a-1) (n-1) 1 -Xsr-1 

® ^ dx dy - T?rT)Tur?r2)TTSr^ > 


. (i“=^- 6 “y) dx ay - cn-s+Da 


r, s-1 


H xyu-c ; (e -c ; 


gx 5 Cn-s+l«)y 


On simplifying, it reduces to 


(n-=«)«r,s:n - s-1 


(a-1) 


(n-1) 1 


‘- (r-2) ! (s-r-l) ! (n-s) i 


a xv(i-i^Y -2 {i=‘-gy)=-'^-i 


-X -(n-stl)y -ax^ , , (n-l)i 

• e e ^ (1-e ) dx dy + -, .ry r-r" Tm rr 

^ (r-1) i (s-r-l) I (n-s) 1 

,, (- 1 ir'^ -y-, s-r-l ^-ax -(n-s+l)Y , , 

• // xy(l-e ) (e -e-^ ) ae e dx dy 


( n - 1 ) 


n xyd-e^)"'-! i=^(5^-gyj®-'^-2 


Tr- 1 ) ] ( s- r-2 ) I (n-s) i ^ 

w 


.-ax gCn-s+Dy ^ . 


This can be written as 


:n ~ s-1 ;n ~ t -^6 ■*■ ^7 •''sl 


(2.3.14) 


Now we simplify each separately. 1^,1^ and Ig can be 


written as 



I 

6 


/■ -1 \ I 

(r-2) i (s-r-1) i (n-s) : ^ xCl-t ) e (1-u. ^ 


= 


(n-1) 1 


7 (r-1) i (s-r-1) ! (n-s) i 


r xd-e"'")^ „ i (x) dx^ 


s-r-1 


^8 


(n-1) i r -XvT-l -X -ax 

(r-l);(s-r-2);(n-s); ' ^<1-® > 


e- dx. 


where J, (x) = / yCe^ - e^)^ -(n-s+1)/ 


X 


Transform y to t by a transformation = e^t. This gives 
1 

-r /■ ^ r / T J-^ /•-i a.ri-s -(n-s+l+k)x 

J^^(x) = I (x-logt) (1-t) t e - dt 

o ■ 

= i<"-®^txB(n-s+l,k+l) + B(n-sel,h+l) E -d-TrlS 

j+n-s-l-1 

on using a result given by Gross et al . (1986 ) . 

Substituting for J (x) and J ^ „ (x) in I., I„ and we 

S — S — x — ^ Of O 

get 


T (n-1) J r. 2,y-Xvr-2 -(n-r+l)x / -ax,. , 

^6 - (r-2);(n-r); L ^ ' 


f gCn-r+Dx (i.^dXj j, 

o ■ j=o 


^ / . -axx , 

e (1-e ) ax + 

s-r-1 


j+n-s+1 


^xj , 


a(n-l)i r __2 ( ^ -Xvr-1 -(n-r-Ki)x . 

, i U X (1-e ) e dx 


^7 ~ (r-1) i (n-r ) I 


+ 


/ xd-e^) 
o 


o 

-x^r-1 -(n-r+a)x 1 


dx E 
j=o 


j+n-s+1 


], 


(n-1) I 


■8 (r-1) i (n-r-l) i 


7 [ / x'^d-e ) 


2/- -x^r-1 -(n-r+a)x 


dx + 


r°° xrM -X'.r-l -(n-r+a)x t, 

/ x d-e ) e ax E 


j+n-s+1 


]. 


o ■ j=o 

Sifsstituting these values in equation (2.3. 14 ) and using equa- 
tion (2.1.5) for k= 1,2, we obtain 



u = (n-s-Kx)/J. - (n-s+Dju, . 

'^r:n 'r,s:n r, s -1 :n 




1 ,'i -Xvr-1 -(n-r-Kx)x -i 

u E -T- ! xU-e ) e dxj . 

r;n j+n-s +1 r -1 ■' 

j =0 o 

Now using equation (2.1.5) again, and equation (2.1.7) for k = 2 
and equation ( 2 . 1 . 6 ), it reduces to 


IJ. = ( n- s -t-a ) 4 
' r :n r, s :n 

s-r -1 


(n. 


( 2 ) 


*S-i-l),U — (d— 1) [4 -f 

r,s-l :n r :n 


4 y, 

^rzn 


^(.>^ 2 ) ^( 2 ) , 2 
- - V . + 


j+n-s +1 ~ 2 ^'‘^r;n ~ '^r:n-l (n-r) ^r;n-l 


j=o 




which gives 


■■^r,s:n n-s+a l^^r;n s-1 :n 2 ^ ^r :n 


4 


S-r-1 
(a-1) E 
j=o 


n + a; ^2) (g-l) (g-l) ^ 


j-fn-s+l ^r:n r:n-l 


(n-r) r:n-l 


] 


After simplification it gives (2.3.10). This completes the proq 
of the theorem. ; 

Here if we siobstitute r = 1, s = 2, we get equation 
(2.3.7) and for r = n-l,s = n, it reduces to equation (2.3.8). ; 


COROLLARY 2.3.2 ; For a random sample from exponential distri- i 
but ion, we have. 

1 

V ~ V ^ = — T V . ■ 

r,s:n r,s-l:n n-s +1 r:n 

Proof: Substituting a = 1 in equation (2. 3. 10), the corollary 

follov;s. 


2.4 Evaluation of moments of order statistics | 

In this section, we give a method of obtaining moments o 
order statistics from truncated exponential distribution in 



one outlier situation. First v;e evaluate single moments by- 

recurrence relations given in equations (2 . 2 . 1) and (2.2.2). 

(k) 

For this, we need k = l, 2 >...,as input. These moments 

are calculated in Saleh et al . ( 1975 ). However, we calculate 


these moments by using recursive equation (2.1.10) ob’tained by 

( 1 ) 


Joshi ( 1978 ). Then for k = 1 , relation ( 2 . 2 . 2 ) gives n 


11 


( 1 ) 


( 1 ) 


( 1 ) 


( 1 ) 


1 : 1 ' 


( 1 ) 


„ and equation (2.2.1) gives 4^ . o, 

ziJz. nin jl z z. j-jj A z o 


( 1 ) ( 1 ) ( 1 ) ( 1 ) 

4 i . / Mo. / Mo, /••♦/M 1. • I'or- k = 2, equation (2.2.2) gives 

x«kn<(t«r}.s3*n 

( 2 ) ( 2 ) ( 2 ) ( 2 ) ( 2 ) 

^1:1' ^2 ;2' * * * '^n;n equation (2.2.1) gives 4^.2/ M3_.3, 

42 ^2 / ••• ' ^i^i' '‘^2^n' * * ‘ '^n-1 :n all the 

moments can be obtained with sufficient accuracy by means of 

a simple computer program. 

'1 

1 , 2 and r = 1 , . . . , n , 
by using recurrence relation ( 2 . 3 . 2 ). 


Now if we have 4^^^ for k 

r;n' '^rcn 


we can evaluate 4 

n-1, n :n 

Application of equation ( 2 . 3 . 1 ) for 4 -, . is somev/hat compli- 

X ^ <4 • n 

cated because it needs more initial values. 

Consequently for calculating all product moments v/e 
use numerical integration technique as follows: 

Using- equations ( 2 . 1 . 3 ) and ( 2 . 1 . 8 ) for 1 _< r < s _< n, 

we have 


M 


r, s :n 


(n-1) ! 

(r-2) ! (s-r-1) 1 (n-s) ! 


yi 

o y - -X r -2 -X -X -y s-r -1 


O 


O 


o 


F 


o 


(1 - 


l_-y n-s qY 


-ax 


F ' G 
o o 


s , . (n-1) 1 

y '1^ 1 ^ I 1 _ g ) " • 


X 


y 

/ xy (- 


-X r-l -X -y s-r -1 -x 


F 


F 


F 


(1 




F 



(1 


’^o y 


“iT"^ "■ "(r-iyiTsrEiTrrc^Tn ^ 

o 


o o 


o 


pY s-r -1 ^ -Y n-s -x -ay 

.( - - ^ ) (1 - ■^— ) I- dx dy + 


F 


o 


F 


F G 
o o 


, ,s. ■'^o Y _x r- 1 -X -y s-r-1 

(n-i)i r r / 1-0 ^ /O -e-' ^ 

_ / / xy(-p — ) I— ) 

o o d o 


(r-1) : (s-r-1) i (n-s) 1 ' ^ ^ f. ' 'I 


- -y n-s -ax -y 
1 -e-^ ^ ae e-^ - 

• Cl - — — J -f : — tt- ax ay + 


(n-1) • 


F 


G F 

O Q 


'o Y 


( r'- 1 ) 1 ( s-r- 2 ) ! (n- s ) ! 

l_-y_ n-s 


- -X r -1 -X -y s-r - 2 -ax -ay 
, , ,l~e >, .e -e-^ s ,e -e s/- 

•/ f xyC-p — ) (—p J ■ ( :::: ) (1 

o o o o 


G 


•) 




o o 


After some simplification, we get 


a 


/ \ O 

r Cn-1) ! , , /■ 1 -X N r- 2 

r,s:n Tpn-l *- (r-2) I (s-r-1) ! (n-s) I ■' 

r O O U 

O O 


. (F -1+1^)"-= dx dy - 

o 


X, 


(n-1) I f ■, -x^ 

(rY2):( s-r-1) i (n-s) i ^ ^ xy(l-e ) 


dy 

^-x_-y) s-r-1 


,-T. -t l 7 ::Y^n-s -x(a + l) -y , 

• CF -1+e-^) e e-^ dx d 


(n-1) : 


X 


(r-1) i (s-r-1) i (n-s-1) i 


o Y 


:;x^r-l ,-x -ys s-r-1 


. / f xy(l-i^)^'" (e^-S^) 
o o 


(P -l+ei')"-=-^ ii- 

o 


X 


o y 


(Gpl) dx dy - -(iCiTUs-J-nMn-s-l)! ^ xyH-i^)^-^ 


. (F - 1 +iy)"-®-^ eXgyta+l) ^ ^ 

o “* 


X 

■(n-l)ia ° / xv(l le^ 5 ,Y) s-r-1 

(r-1) • (s-r-l) : (n-s) : i ! xy^l-e j (e -c J 

o o 


. (F -1+5^)'"-= e=^i“y dx dy + -r— p , 

o ^ Cr-1) i (s-r-l) i (n-s)i 



X 

O Y 

^ /-X -YxS-r-l ..-YNn-s -ax-y . n . 

/ / xy(l-e ) (e -e-^ ) (F e e-* dx dy + 

o 

o o 


X 


(n-l)i -y 


(r-l) l(s-r-2) : (n-sJi 


— ^ ^ xyd-e'") 

o o 

(F dx 


X ^ r- 1 , - X - y s s - r- 2 

Ae -e-* j 


dy - 


(n-1) i 


(r-l) 1 (s-r-2) I (n-s) 


X 


. I S (5Xiy)=‘-’"-2 (p -l+gy)"-® 


o y 
• / 
o o 

-yCa+1) , ,1 

• e-^ dx dyj . 


(2.4 .1) 


These integrals are calculated separately and added 

to calculate /j. , . All integrals are of the type 

XT ^ s ♦ n 

I(a,b,c,d,f) = s ! (5X5^)’= [p -l+ii']= 


e e-^ dx dy 


= / /f(u,v) du dv (say) 

and can be evaluated numerically in a systematic manner by using 

Gaussian quadrature. For computational purposes, we evaluate 

these integrals by applying Gauss quadrature formula first to 

the inner integral and then to the outer integral . This is 

briefly described in Appendix A. Using this approximation to 

each integral of equation (2.4.1), we can obtain ji . . 

XT , s • ri 

For the untruncated case, single and product moments 

are calculated by the method described by Joshi (1972). 

Using the Gaussian quadrature, we may also calculate 

(k) 

Ur-n' ^ ~ Tables 2.4.1 and 2.4.2 give the means and 

variances-eovariances respectively of order statistics obtained 
by numerical integration using 10 point foi'mula for n = 5, a = 
.1, .2, .5, 1 and x^ = 1, 2, 3, 4, 5. These are checked for 

their aocuracy by the following identities: 



? = (n-1) E(x’^) + E(y’^) 

r=l " 

and 

S ? O = (n-1) V(X) + V(Y} , 

r=l s=l 

where X has the pdf f (x) and Y has tlie pdf g(x) given in 
Section 2.1. 

The values corresponding to x^ = oo are also included 

and are evaluated by the method given by Joshi (1972) . As it 

can be seen from the table that as x increases the values of 

o • 

means and variances-covariances also increase and for x = 1,2, 
these values are more or less same for all values of a ■which 
means that for small values of x^, the outlying observation 
has very little effect on these moments. For x^ = 10, suffi- 
cient accuracy could not be achieved by the 10 point formula. 

So we have used the 20 point formula for calculations. These 

values are also given in Tables 2.4.1 and 2.4.2. For x less 

o 

than 10, the values obtained by 10 point formula and 20 point 
formula agree' upto 4 decimal places atleast. Therefore for 
larger value of x^, Gaussian quadrature with higher point 
formula could be used. 


j ui ip. ^ 


TABLE 2.4.1: 


r 


Expected values 
when the sample 


contains' one 


1 ( 1 ) n , for 
outliei' 


n 



1 

1 






o 

a r 

1 

2 ' 

1 1 

I 1 

3 

1 . — 

4 

5 

t 

! 1 

10 

i 

J 

oo 


1238 

.1852 

26 09 

.4053 

4138 

.6734 

5856 

1.0093 

7797 

1.4414 


.2136 

.4780 

.8209 

1.2937 

1.9902 


.2265 

.5132 

.9002 

1,4759 

2.4527 


.2326 

.5307 

.9427 

1.5911 

2.8598 


.2403 
.5538 
1.0035 
1. 7940 
4.5867 


.2439 
.5647 
1.0329 
1.9008 
10. 2577 


. 1230 
. 2594 
.4118 
.5833 
. 7779 


.1834 

.4012 

.6665 

.9995 

1.4307 


.2111 

.4717 

.8087 

1.2722 

1.9584 


.2235 

.5054 

.8835 

1.4414 

2.3839 


.2293 

.5217 

.9226 

1.5443 

2.7365 


.2362 

.5320 

.9743 

1.7087 

3.9717 


.2381 
.54 76 
.9892 
1.7597 
5 .4654 


. 1208 
.2550 
.4057 
.5 766 
. 7725 


.1778 

.3886 

.6458 

.9709 

1.4008 


.2028 

.4517 

.7715 

1.2106 

1.8730 


.2135 

.4799 

.8323 

1.3434 

2.2063 


.2181 

.4924 

.8607 

1.4131 

2.4329 


.2220 
.5034 
.8867 
1 .4854 
2.8328 


. 2222 
.5040 
.8881 
1.4897 
2.8960 


. 1168 
.24 76 
.3957 
.5658 
.7642 


.1675 

.3671 

.6126 

.9282 

1.3594 


.1878 

.4179 

.7142 

1.1252 

1.7690 


.1954 

.4379 

.7567 

1.2183 

2.0185 


.1983 

.4455 

.7734 

1.2579 

2.1553 


.2000 

.4500 

.7833 

1.2832 

2.2814 


.2000 
.4500 
. 7833 

1.2833 

2.2833 


TABLE 2.4.2: 


Variances and covariances of order statistics 
from truncated exponential distribution vjhen the 
sample contains one outlier for n = 5 



1 

1 

.0127 

.0312 

.0436 

.0502 , 

.05 35 

.0577 

. 05 9 


2 

.0111 

.0290 

.0420 

.0493 

.0530 

.05 76 

.05 9 


3 

.0091 

.0257 

.0392 

.04 74 

.0519 ■ 

.05 74 

.05 9 


4 

.0067 

.0205 

.0335 

.04 26 

.0484 

.0567 

. 059 


5 

.0037 

.0124 

.0215 

. 0282 

.03 25 

. 0393 

.05 9 

2 

2 

.0245 

.0691 

.1050 

.1279 

.14 01 

.155 9 

. 16 2 


3 

.0201 

.0613 

.0985 

.1232 

.13 73 

.1557 

.162 


4 

.0148 

.0490 

.0844 

.1111 

.1284 

.1544 

.163 


5 

.0082 

.0296 

.0543 

.074 3 

.0877 

. 1121 

.176 

3 

3 

.0335 

.1122 

. 1954 

.2585 

.2 990 

.3592 

.384 


4 

.0246 

.0899 

.1677 

.2339 

.2808 

.35 86 

.388 


5 

. 0136 

. 0544 

.1085 

. 1583 

.1956 

.274 7 

.459 

4 

4 

.0367 

.1505 

.3158 

.4899 

.6420 

.9978 

1.175 


5 

.0203 

.0913 

.2055 

.3357 

.4571 

.8121 

1.55Q 

5 

5 

.0285 

.1472 

.3910 

.7719 

1.2946 

6.1865 

95.939 

1 

1 

.0126 

.0307 

.0427 

.0490 

.05 21 

.0557 

. 056 


2 

.0110 

.0286' 

.0412 

.0481 

.0516 

.055 7 

.056' 


3 

.0091 

- .0254 

.0385 

.0464 

.05 06 

.0556 

. 056 


4 

.0067 

.0205 

.0333 

.0422 

.04 76 

.0551 

.056 


5 

.0037 

.0126 

.0221 

.0296 

.0347 

.0449 

.056 

2 

2 

.024 3 

.0680 

.1032 

.1242 

.1355 

.1493 

. 15 2 


3 

.0201 

.0605 

.0966 

.1200 

.1331 

.1493 

. 153 


4 

.0148 

.0488 

.0836 

.1094 

.1257 

.1487 

. 154 


5 

.0082 

.0300 

.0556 

.0772 

.0927 

.1255 

.162 

3 

3 

•.0334 

.1109 

.1909 

.2501 

.2869 

.3382 

.351 


4 

.0246 

.0894 

.1654 

.2285 

.2719 

.3392 

.355 


5 

.0137 

.0549 

.1104 

.1626 

.2032 

.2981 

.398 

4 

4 

.0367 

.1499 

.3105 

.4737 

.6106 

.8989 

.987 


5 

.0204 

.1220 

.2079 

.3396 

.4626 

.8275 

1.200 

5 

5 

.0287 

.1493 

.3958 

.7714 

1.26 76 

5.2392 

22.149 


contd 










TABLE 2 . 4.2 (continued) 


O 

a r ' 

1 

2 

I 

1 

[ .... 

3 

4 

1 

! 5 

10 

....j 

! : 

CO 

.5 1 1 

. 0122 

.0290 

.0396 

.0448 

.04 72 

.0493 

. 04 ' 

2 

. 0107 

. 0272 

.0384 

.044 2 

.0469 

.0493 

. 04 :' 

3 

. 0089 

.0244 

. 036 3 

.0430 

.0463 

.0492 

, 04 ' 

4 

.0067 

.0201 

.0323 

.0402 

.0447 

.0492 

. 04 ’ 

5 

.0038 

.0129 

.0232 

.0317 

.0378 

.04 79 

. 04 ; 

2 2 

. 0238 

.0647 

.0955 

.1127 

.1211 

.1286 

.12 

3 

.0198 

.0581 

.0904 

. 1097 

.1 196 

.1288 

. 12 :' 

4 

. 014 7 

. 04 78 

.0803 

.1027 

.1156 

.1289 

. 12 :' 

5 

. 0083 

.03 06 

.05 76 

.0810 

.0981 

.1270 

. 13 ' 

3 3 

. 0330 

.1067 

.1773 

. 2248 

.2511 

. 2772 

. 27 :; 

4 

. 0246 

.0877 

.15 74 

.2103 

.2428 

.2787 

. 28 ) 

5 

. 0139 

. 0560 

.1127 

.165 9 

.2065 

.2779 

. 23 : 

4 4 

. 0369 

.14 78 

.2942 

.4263 

.5209 

.6495 

. 65 ^ 

5 

. 0208 

.094 2 

.2101 

.3353 

.4427 

.65 84 

. 69 ; 

5 5 

. 0295 

.1550 

.404 0 

.75 05 

1.1391 

2.6036 

3 . 18 ' 

' l . 1 1 

.0116 

.0261 

.0342 

.0378 

.0392 

.0400 

. 04 ! 

2 

.0103 

.024 7 

.0334 

.0374 

.0391 

.04 00 

.041 

3 

.0086 

.02 25 

.0321 

. 0368 

.0387 

.04 00 

. 041 

4 

. 0065 

.0190 

.0293 

.0353 

.0381 

.0400 

.041 

5 

.0037 

.0127 

.0225 

.0301 

.0349 

.0399 

. 04 ! 

2 2 

. 0229 

.0591 

.0832 

.0948 

.0996 

.1025 

. 10 ! 

3 

. 0192 

.0539 

.0797 

.0931 

.0988 

.1025 

. 10 ! 

4 

.0145 

.0454 

.0728 

.0892 

.0971 

. 1025 

. 10 ! 

5 

.0083 

.0303 

. 0556 

.075 8 

.0888 

. 1023 . 

. 10 ! 

3 3 

. 0324 

.0999 

. 1569 

.1893 

.2039 

.2135 

. 21 ! 

4 

• .0245 

.084 0 

. 1429 

.1810 

.2001 

.2135 

l2i; 

5 

.0140 

.055 9 

. 1088 

.1532 

.1823 

.2131 

. 21 ; 

4 4 

.0371 

.1443 

.2707 

.366 2 

.4 2 04 

.4632 

. 46 ; 

5 

.0213 

.0956 

.2047 

.3078 

.3807 

.4621 

. 46 ; 

5 5 

.0307 

.1624 

.4099 

.7121 

.9862 

1.4465 

1 . 46 ; 



CHAPTER 3 


SOME IDENTITIES FOR THE MOMEI-gTS OF ORDER STATISTICS 
IN THE HOMOGENEOUS CASE 


3.1 Introduction 


Many authors have derived several recurrence relations 
and identities among the moments of order statistics, for 
example, see Govindara julu (1963), Joshi (1971, 1973), Arnold 

(1977), David (1981), Josh! and Ealakrishnan (1981, 1982) for 
some such relations. An up-to-date summary is given in 
Ealakrishnan et al . (1988). Identities can he used for checking 


the calculations of moments of order statistics. In proving 
these relations, mostly it is assumed that the order statistics 
are from a continuous distribution. But many relations hold 
for discrete case also (Balakrishnan, 1986) . 

In this chapter, we assume that we have a random 
sample X^,...,X^ of size n from a continuous distribution with 
l^df f (x) and cdf F(x). The order statistics in this homoge- 
neous case are now denoted by X- ,X„ .,X 

l:n'2:n' 'n:n 


The density function of X , is given by (David, 1981, 

jtr • n 


p . 9 ) 


f . (x) 
r:n 


B (r, n-r+1) 


(F (x) )^~^ (1-F (x) ) ^“^ 


f (x) 


(3.1.1) 


and cdf of is given by 


r ;n 


(x) 


n 


S (^) F^(x) (1-F(x))^~^ 


i=r 


(3.1.2) 


du 


(3.1.3) 


B (r, n-r+1) 


F (x) 
f 




For uniform distribution over [0,l], equation (3.1.2) simply 
reduces to 


F (x) = S (^) x^(l-x)^“^ 0 < X < 1 . (3.1.4) 

r.n 1 - - 

In Section 3.2, we derive some additional identities 
for cdf ' s and moments of order statistics for three cases. 

These are the distributions for which 

(a) moments like for i = 1, 2, . . . , r (r < n) do not exist. 

(b) moments like ju . , for i = n-r+1,..., n (r < n) do not exist. 

JL • n 

(c) moments like for i = 1, 2, . . . , r, n-r+1, . . . , n (r^ < [^]) 

do not exist. 

These cases include the well knoivn Cauchy distribution 

for which E (X- ) < oo for k+1 < r < n-k (Barnett, 1966) and 

r :n “ ~ 

Pareto type distribution. The derived identities may also be 
applied for other distributions as well. 


3.2 Identities when moments of extreme order statistics do 
not exist 


We first derive identities for cdf ' s of order statis- 
tics. Similar results hold for pdf's and moments of order 
statistics as well. 

3.2. 1 Case when extremes at one end do not have finite moments 


In this section, we generalize the .results given by 
Joshi (1973) and Balakrishnan and Malik (1985). We also apply 
these results to the following distribution^ ^o:^-^,^^aining some 
combinatorial identities. — 



(i) 


(x) 


_1 

X 


< X < - 1 


X > -1 . 


For this distribution, it is easy to show that 

(k) _ (-1)^ n(n-l) .... (n-k+1) 

^ "Tj-' V" t 


r :n 


Cr-l) .."I (r-k) 

k = 1,2/, n-1 and k-i-1 < r _< n, 


(ii) (x) = 


0 X < 1 

1 

1 — — 1 < X < oo« 

X 


For this distribution, we have 


V 


(k) n(n-l) ... (n-k+1) 


r :n (n-r) . . . . (n-r-k+1) 

and this is finite for 1 < r < n-k. 


, 3^ ““ 1,2, .. ., n*“* 1 , 


THEOREM 3.2.1 ; For an arbitrary continuous cdf F(x), 


(i) 


(ii) 


n+1 i 

2 F,. .. . . (x) S 


n+1 i;n+l 


n 


n+1 F . (x) 
= S — 


j=2 ±~2 ^ 


" 1 _ "d 


Hr E s T = E -I. , \ , 

n+1 i:n+l j 


( iii) 


n+r 
S F 


(x) 


(n+1) . ... (n+r) i;n+r^ . n+r+l-j 

1 — r+l j=r+l 


n+r 


F . , (x) 

r : 1 


^ i(i-l) .r. . (i-r) ' ^ - ^ ' 


i=r+l 


(iv) 


n 


n 


(n+l) V . . . (n+r ) j __2 i:n+r 


2 F. .^ ,„(x) 2 r") 


j=i 


_1 / j+r-i-l> 
j r-1 


n+r 

E 

i=r+l 




i (i-l) . . . (i-r) 


r > 1 , 


(3.2.1) 

(3.2.2) 

(3.2.3) 

(3.2.4) 

r- j+i-lx 
r-1 ^ 

(3.2.5) 

( 3 . 2 . 6 ) 



Proof : 


(i) Joshi (1973) has shovm that 


n 


F . _ (x) 


i in 


i=l ^ 


(3.2.7) 


S\±)stituting for ^'’j_,j_(x) and ^’j_.j^(x‘) from equation (3.1.4), 
this yields 

t (") (l-x)"-’' = s ^ 

1=1 r=i i=l 1 


n i 

X 


Integrating it from 0 to P (x) and using equation (3.1.3), 
get 


n 


y P . fv-) -O ^ _ _ i-f 

ill ^+1 i+l:n+l^ ^ n-j+1 “ 


^ ^i+l:i+l^^^ 


(i+1) 


This can be rewritten as 


n*fl 


n+l F . (x) 

X • X 


. 1 ^ Tr3?2 = .I 2 itfer ' 

which proves equation (3.2.3). 

(ii) We start with the second identity given by Joshi (1973), 
that is 


i="i i - i=\ “T- 


(3.2.8) 


Substituting for and ^’;|L:i^^^ from equation (3.1.4), we 

get 


- 1 S (") xJ = E LU. (yx)"] _ 


i 

i=l ^ j=i 


i=l 


Writing S ("f) x^ (l-x)^" J as 1 - (^) (1-x) J, and 

j=i. ^ j=o J 

simplification, this can be written as 


on 
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S i "s' ("j'xJ 


n 

S 

i=l 


i=l j=o ^ 

Proceeding on the same lines as in the proof of equation (3.2.3), 
we get 


n 


1 \ ^ 1 n +1 F, . (x) 

~ ^ ^ -i •n4.1 2 ~j = E i 2 ) * 

j=i J i =2 


n +1 ■‘i ;n+l 


v;hich is equation (3.2.4). 

(iii) To prove equation (3.2.5), we start with equation (3.2.3) 
which can be rewritten as 
n+1 F. .(x) n+1 . n+1 

s iitiiT- = m3 mTf2 E, ^j=n+i‘=^> ■ 

1 =Z 

we first sxabstitute for and P^.^(x) from equation 

(3.1.4). Then integrate it from 0 to F(x) and use equation 
(3.1.3). Proceeding in a similar way r-1 times, we get 
n+r ^ 

i=r+l lU-D ... ( 1 -r; 


(n+l) ... 

1 

(n+r) 

(n+ 1 ) . . . ^ 

1 

. (n+r) 

( n+ 1 ) « • « 

(n+r) 


n+r 

S 

i=r+l 


n+r 

S 

i=r+l 


n+r n+r n+r 

EE... E F 
s=i j=s k=ra 

I 1 

r summations 


1 n+r-i , . . 

^ I p 


k :n+r 


(x) 


n-i+r +1 


(x) 


3=0 


n+r i 

j: E 


3 ■ 1 + 3 : n+r 

1 /r+i-j-l 




i=r+l n+r+l-j r -1 


) ; 


on interchanging the order of summations. 

Civ) The proof of equation (3.2.6) is similar to the proof of 
equation (3.2.5). Consider equation (3.2.4) which can be 
(Written as 



. n - i-1 n F. . . (x) 

.5:, 1 “ .S -ifel) • 

1=1 j = o 1=1 

On following the steps similar to the proof of equation (3.2.5), 
we get equation (3.2.6). 

Note that for r = 1, equations (3.2.5) and (3.2.6) 
reduce to equations (3.2.3) and (3.2.4) respectively. We now 
generalize these equations in another manner in the following 
theorem. 


THEOREM 3.2.2 ; Following the notations of Balakrishnan and 
Malik (1985),, let 

“ 1 if m = 1 

c = 

L (n+l) .... (n+m-1) if m 2 2 , 

for m = 1,2,.... Then for an arbitrary cdf F (x) and m = 1,2,..., 


n+l 


n+l ^^*2 ^i:n+l^^^ j ^2 (n--j+2) 


i 

S 


(n- j+m+lT 


n+l 

- S 
m i=2 


. (x) 

,i+m-3N i ; 1 
■ rn- 1 i (i-l) 


(3. 2.. 9) 


(ii) 


n 

E- F . 


n 

(x) E 


n+l i*n+l j=i ( j +m- 1 ) 


- n+l ■ , F. , (x) 

1 , ,i+m-3x 1 ;i 

^ m-1 i(i-iy 

ra 1=2 


(3.2.10) 


(iii) 


n+r 
E F 


(n+l) ... (n+r) ._^,r i :n+r 

i=r+l 


(x) 


1 

E 

j =r+l 


( 


r+i- j-1 
r-1 


) 


1 , 


(n+r- j+l) 


(n+r- j+m) 


1 


n+r 

E 


, i+m- r- 2 x 

i=Nl 




(i-r) 


for r = 1, 2, 


(-T .9.1 1 ) 
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1 n n ^ 

(n+l) (n+r) . .^. j ( j+D .Ti! C j +ni- 1 ) 

1 = 1 j=:i -> 


* ^ r - 1 c 


n+r 

S ^ 
m i=r+l 


i+m-r-2^ ;1 

m - 1 ^ i ( i- 1 ) . .. . (i-r) 


for r = 1 , 2 ,... 


(3.2.12) 


Proof : (i) Balakrishnan and Malik (1985) have shown that 


for m = 1 , 2 ,..., 


F . (x) 

1 :n 


n 

(n-i+l) y . . . (n-i+iri) 


n . , „ F . , (x) 

- £ — 

. ^ im-l 1 

m i=l 


(3.2.13) 


VJe first substitute for F. (x) and F. . (x) from equation 
(3.1.4), and then integrate it from 0 to F (x) . Next on using 
equation (3.1.3) and interchanging tlie order of summations, we 
have 

n+l ^ ^ 

^£9 ^i:n+l^^ .^9 (n-j+ 2 ) ... (n-j+m+ 1 ) ~ c 

-L~"^ J ^ m IL“*“ (dil 


, n+l F . . (x) . , 

1 i:x ^i.4-in-3; 


n+l "irn+l''^' j ^2 (n-j+ 2 ) ... (n-j+m+ 1 ) c„ i(i-l) ' m -1 


which proves equation (3.2.9). 

(ii) We start with the identity given by Balakrishnan and Malik 
(1985), which is 


n 


F. ^(x) 

1 : n' 


n 


E ( 


, . i (i+l) rr; (i+m-l) c . . ' rn - 1 

1=1 m 1=1 


i+m- 2 , ^i:i^^^ 


') 


(3.2.14) 


Substituting f or F . , (x) and F- . . (x) from equation (3.1.4), it 

1 2 n J . 2 1 

gives 

n (, i -1 


i=l 


i(i+l) ... (i+m-l) ~ ^j^ ( 1 -x) 


1=0 


1 ^ /i+m-2^ r 1- (1-x) V 

~ 2 ^ m-l ^ i—j—] 

^m i=l ■ ^ • 


(3.2.15) 



Note on substituting x = <» in equation (3.2.14), we get a 


combinatorial identity 


y 1 _ JL. V /i+m-2\ _1 

. . i(i+l) ... (i+m- 1 ) ._T ^ m -1 i * 

1=1 m 1=1 


(3.2.16) 


On sub str acting equation (3.2.16) from (3.2.15), we have 


' l(i-t- ' l) (iH-m-l) S (j) 

L = 1 J = 0 


1 ^ ^i+m-2x (1-x)^ 

m 1=1 


which on interchanging the order of summations, becomes 


i=o (l-x)""-"- .^/(jH.m) 


J ,i+m-2^ (1-x)^ 

._i rn-1 ^ i 
m 1=1 


Integrating it from 0 to F (x) and using equation (3.1.3), we get 


equation (3.2.10). 


(iii) The proof is identical to the proof of part (iii) of 


preceding theorem. Starting with equation (3.2.9) and proceeding 


in a similar manner r-1 times, we get 


,l+m-r-2, ^1:1 

■=„, i=r+l i(i-l) U-r) 


i=r+l 


.n-i+r+1, 


(n-i+m+r) 


n+r n+r 


• S S 
j=i k=j 


n+r 

V F' i 

T ^ 1 :n+r 

l=s 


1 ^ 1 

(n+1) . . . (n+r) . (n-i+r+1 ) . . (n-i+m+ 


i=r+l 


n+r „ , . . . 

E ( “^)F , (x 

. . j-i j :n+r 

j=i 


On interehanging the order of summations, it gives equation 



(iv) The proof of this is similar to the proof of (iii) . We 
start with equation (3.2,10) which can be written as 
1 ^ 1 i 

^+1 iSl ■ . .7(i+m-l) ^j;n 

After (r-1) similar steps used in obtaining equation (3.2.10), 
we have 

(x) 


(x) = -i— y /l+m--2\ l;i+l^^^ 
^m i=i i ( i+lT 


- S 
m i=l 


/i+m-2^ ^l:i4-r 

^-1 Tri+l)., . (i+r7 


(n+1) .7,, (n+r) ^ i(i+lT"'. . (i+m-l) 


i=l 

n 


1' 

. . S F 


q:n+l 


j=l k=l q=i 

i 

(rn 

j=l r-1 ' j :n+r 

which on some simplification gives equation (3.2.12). 


(x) 


(n+1) .. (n+rT i(i+lT~.. (i+m-l) , __(x) , 


APPLICATIONS ; We aonlv thPc^P^ 4 - 

PP y s results to the moments of distri- 
butions with cdf ' s F (x) F aY-,a ^ ' 

j: ^ vx; , ±2 and the exponential distribution 

which give some combinatorial identities. 

(i) Identity given in equation (3.2.3) is applied to the 

nts of order statistics from the distribution with 
cdf F^ (x) , which yields 


n 


r+1 
E “ 2 


n 

= S 


(ii) 


r=l ^ j=2 7 

This has been also obtained by Joshi (1973) by using 
equation (3.2.8) for the exponential distribution. 

For the exponential distribution given at ( 1 . 1 . 1 ) v/ith 
0 = 1 , it is well known that v_ = s ^ 


r :n 


Equation (3.2.4) when applied to the^mLents of order 
statistics from the exponential distribution gives 


n-i+1* 



1 

n 

1 

n-i+1 

..J _ . n _ 

n+1 ^ 

n+1 

S 

i=l 

n-i+2 

S 

j = l 

j+i-1 n+1 

- T, ~2 

i=2 i 


(iii) The identity given in equation (3.2.5) when applied to the 
kth (k _< r) order moments of order statistics given in 
equation (3.2.1) becomes 

1 (n+r) . . (n-l-r-k-i-1 ) 

(n+1). .. (n+r) . “ . (i-1) . . . (i-k) 


(iv) 


(v) 


X 

S 


n+r 


1 (-r+i-s-l^ ^ X 

^^^^1 n-s+r+1 r-l (i-1) . . . , (i-r) (i-H 


Result given in equation (3.2.9) is applied by using 
equation (3.2.1) for k = 1. This yields 


n+1 


S-.2 . ^ (n-j+2) .. (n-j+nv+l) 

s=2 j=2 


,s+m-3x 1 

c ^ m-1 ^ h , ^ 2 

m s=2 (s-1) 


Applying the identity given at equation (3.2.12) to the 
rth order moments of order statistics from the distri- 


bution with cdf (x) , this gives 


n 

E 


( 


r-s+j-1 ■ 


^ (n+r-s) .. (n-s+1) j(j+l) .. (j+m-1) r-l 

X J “S 

- n+r 


_ ^s+m-r-2j 1 

m s=r+l (s-1) .. (s-r+1) (s-r) ^ 


3.2.2 Case when extremes at both ends do not have finite 
moments 

V7e now prove some identities which are useful when 
extremes do not have finite moments. 


TP-IEOREM 3.2.3: 


For an arbitrary cdf F (x) 



(i) 


n 


f \ _ '|;i ( 

(n+l) (n+2) ( j-M) ('j+2) ^‘2:j>2^ ' 

i — X J -J- 

(3.2.17) 


n 


n 


n 


(n+l) (n+2) ^j+l;n+2^^^ 
j=--l -' 


j2l ( j+l) ( j+2T ^'’j+1 : j+2 

(3.2.18) 


(iii) y (^) ‘ F (x) 

(n+2k):- ^k+j:n+2k^"^^ 


- ? (k) 1 (1+k-l)! „ f s , ^ , 

• 2. ( j+2k) : ^k+1 ; j+2k^'^^ ' > 1 / 

J X 


(3.2.19) 


( iv) 


n 


r ( / . ) 


^ -) (k+1-1) ! (n+k-1)2 


j = l 


j-r 


(n+2k) 1 


k+j :n+2k 


(x) 



n 

rn 

(k) 

1 ( 1 +k- 1 ) ] 

F 

j+k 

: j+2k^^^ ' 


rH 

11 


( j+2k) ! 

Proof : 

(i) 

VJe 

know that 



n 

E 

j=o 

(■j) 

xJ 

(l-x)^-J = 

1 , 


n 

or E 

j = l 

(“) 

xJ 

(1-x)^"^ = 

1 - 

(1-x) 

n 

or S 

j=l 


xJ 

(l-x)^-J = 

n-1 

E 

j=o 

X ( 1 -X ) ^ , 


(3.2.20) 


(3.2.21) 


(3.2.22) 


multiplying both sides by (1-x), we get 

E {^.) x^ (l-x)^“^'*'^ = S xd-x)-^***^ . 
j=l ^ j=o 

Integrating it from 0 to F (x) and using equation (3.1.3), we 


have 



n 

.2 

j = l 


n 

2 

j=l 


(n- j-i-l ) 
(n+1) (n+2) 


^j+l:n+2^^^ 


( j+1) ( j + 27 ^'2 : j+2 * 


(li) Again we start v/ith the identity given in equation (3.2.21) 
which gives 

j=o ^ 
or 

n-1 , . n-l . 

2 (^) = Y. (1-x) • (3.2.23) 

j=o j=o 

Now multiplying both sides by x and integrating from 0 to F(x), 
vie get the result. 

(iii) We use the same technique as in (i),but multiply both 

1 y 

sides of equation (3.2.22) by x (1-x) k > 1. Then, integ- 
rating it from 0 to P (x) and simplifying, it gives the desired 
result. 

(iv) This is the generalization of equation (3.2.18). V7e 
multiply both sides of equation (3.2.23) by x^(l-x)^~^, k >; 1 
and proceed as. before to get the result. 


COROLLARY 3.2.1 : For an arbitrary cdf F (x) and for r = 1,2,3,.. 


(i) 


"I nt2 j — a. . . ^ 

rn+I) . . , (n+r+2) ^ j+r ;n+r+2 (n-i+1) ( ) 

J =2 1=1 


j-1 


n ^ j+2 

( j+l) . . ( j+r+2} ^^^^2 


( 


r-i-i-3 

i-2 


)F 


r+i : j+r+2 


(x) 


(3.2.24) 


and 



( ii) 


1 


n+2 


(n+T7 TT (n+r-f27 ^’j+r:nH-r+2 

J ^ 


(X) 


i=l 


r- 1 


) 


n 1 

i=l (j + l) «• (j + ir+2 ) ^ j +ir+l i j +ir+2 ^ ^ j +X' +2 : j +r'+ 2 ^ 

(3.2.25) 

Proof : (i) Here vj-e start with equation (3.2.17) and follow 

the steps used in proving the results of Section 3.2.1. That 
is, first substituting for ^j|-:j^(^) from . equation (3.1.4), we 


have 

n 


r, 


(n-.1+l) 


n+2 


/n+2>, i/. Nn-i+2 

. , (n+l) (n+2) , ^ i ; X u-x; 

j=l i=j+l 


n 

E 


E 

o- 

j+2 




Integrating it from 0 to F (x) and using equation (3.1.3), it 
gives 

n+2 
E 

j=l i=j+l 


" (n-jtl) ^ p , > 

. . (n+1) (n+2) . ... n+3 i+1 ;n+3 ■ 


J 


n ^ j+2 ^ 

( j + l) ( j+2T ^^2 ^i+l:j+3^^^ * 


(n+l) 


n+2 n+3 

E E 


n+r+1 

, s F 


After r similar steps, we get 

1 ^ 

-- (T - T - rT^T S (n-j+1) 

. (n+r+2) i=j+l k=i+l l=rn+l 

j+2 j+3 j+r+1 

E E ... E 9 

1=2 k=i+l l=m+l l+l-J+J^+2 


1+1 :n+r+2 


(x) 


■ n 
E 

j = l 


^ ( j+l) . . . ( j+r+2) ^ *** ^ ' 


w'hich after some simplification reduces to equation (3 .2 . 24 ) . 

(ii) The proof is analogous to the proof of (i) with starting 
equation as (3.2.18). 



The results given in Corollary 3.2.1 may be applied 
to the moments of order statistics from the distributions for 
which first (r+1) .moments do not exist. 

APPL IC AT IONS ; We apply the results of this section to the 

moments of order statistics from distribution with cdf 
1 

F_ (x) = — (E' (x) -1-F„ (x) ) , where F. (x) and F^(x) are given in 
3 21 2 1 2 ^ 

Section 3.2.1. Now 


2x 


— oo < X < — 1 


F3(x) 


1 

2 


1 - 


2x 


For this distribution. 


-1 < X < 1 
1 <_ X . 

we first evaluate y . for 2 < r < n-1 

XT • n 


Clearly 


V = / X f (x) dx 

r;n r:n 

— OO 


(n) 1 


-1 H r-1 . n-r 

^ dx + 


- X . r- X 

T [ / x(- ■^) (1 


(r-1) i (n-r) J ^'~,2x ‘ 2x' . 2 

— OO 2 X 


°° 1 r-1 . n-r . 

{ ^ 

Substituting u = -l/2x in first integral and v = l-l/2x in 
second-integral, we get 

(n) I r \ r-1,^ ^n-r-l r-2/, \n-r 

t=n ° 2(r-iyi(n-ry ' y ^ ^ ^1"'' dv - / u (1-u) 


(n)‘ 

'2 (r-1) i (n-r) 


r-1/. ^n-r-l 


7- [/ u'-'-^d-u) 

* o 


du - 


r u^“^ (l-u)’^“^-^ du - / u^“^ (l-u)^~^ du] . 


du] 



ijote that the integrals appearing in ju, . are convergent for 

IT 2 n. 

2 < r < n-1. Using beta functions and equation (1.2.1), it 
gives 


V 

r :n 


n 

2 (n-rT 


n(ri-l) A') 

2(r-l) (n-r) ^ i ^ 4^ 


(3.2.26) 


(i) 


(ii) 


(iii) 


Applying the identity given at equation (3.2.17) to the 
moments given in equation (3.2.26), it yields 

n-1 . 


n 


1 ('^) ~ 9 ^ n+1 

j = l J i=j j = l 32 ^ 


n 

S 


+ 2 


n 


S 

j=l 


j+1 


,n 


n 


j=i J 


^ - 2" 


n 

S 


(A) 


j = l j 2-^ 

Similarly applying the result given in equation (3.2.18) 
to the moments given in equation (3.2.26), this gives 


n 

E 


1 


n 

E 


(H) _ 2^ 

J =1 n-J.l h' - J 


n 

E 


1 


Mote that on adding equations (A) and (B) 


(B) 

v/e get the 


obvious identity 


n 

1 

n 


n 

E 

j=l 

j 

E 

]c=o 

= 2 

j=l 


1 

j' 


When the identity given at equation (3.2.17) is applied 
to the moments of order statistics from exponential 
distribution, it gives 


n 

E 


n- j+1 


j+1 


(n+1) (n+2) 


n+2-i+l 


2 ^ (n+2)'' 

' All the results given in tliis chajiter are also true for 
discrete case as v/ell . It can be proved by using the arguments 


similar to the Balakrishnan (1936) . 



CHAPTER 4 


ESTIMATION OF S CALE PARAJ-IETER OF AN EXPONENTIAL. DISTRIBUTION . IN 
A SINGLE OUTLIER. EXCHANGEABLE MODEL 

4 . 1 Introduction 

Consider the exchangeable model for a single outlier 

from the exponential distribution given at equation (1.1.2) 

with random variables X^,...,X^. In this and subsequent 

chapters/ we suppress the dependence on n and denote the order 

statistic X by X, only. Thus X/.., <X,_^ ... <X, 

r:n ^ (r) ^ (1). - (2) - (n) 

denote the order statistics obtained from X. /...,X . 

1' ' n 

Several authors have investigated the problem of 
estimating the parameter o, while treating a as a nuisance para- 
meter. Kale and Sinha (1971) gave an estimator of a for a < 1, 
which is a linear combination of first m order statistics, and 
is given by 

- m- 1 

^7 min. 

Justification of ignoring ^ ' * * * (n) that 

the largest order statistic X^^^ has the maximum probability 

of being the outlying observation when a < l.A similar argument 

holds for X . , . ^ . ,X , . and the set {X , /X , } has 

H.m+1; tn-1; Im+lj vn; 

the maximum probability of containing the outlying observatibn. 

Joshi (1972) extended this result. He calculated the 
optimxom value m* of m for different values of n = 2(1)10(5) 

20 (10) 5 0 and a == . 05 ( . 05 ) 1 . 00. He has also derived an expre- 
ssion for the mean square error of which is given by 
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mse^U^)/c 


(m+1 ) 


+ 


20 ' 


(m+1 ) 


[l - 


(n-iii)p (-r 
■^m a 


m 

i=l 


n-i+a 


)]^ 


where 


0 = 


(1-a) 

a 


and 


Pm = 


r=- a. 1 CnT 1 (n-m-h^ 

(n+a) J (n+l-m) 


(4.1.1) 


For a given a, the estimator of Joshi denoted by is then 
the estimator with m replaced by lu*. 

Chikkagoudar and Kunchur (1980) proposed an alternative 
estimator which is more efficient than in some cases. 
Their estimator is given by 

X 


u. 


n 

E (1 - 
i=l 


2i 


n (n+1) 


) 


(i) 

n 


Kimber (1983) studied the robustness of estimators of 
o for exponential distribution as a special case of gamma 
distribution. He included in his study the estimators which 
are linear combinations of first (n-m) observations, and are 
given by 


U, 


b"' ^(1) 

b(l,n) 


and 


U 


14 


n-m 

ill ""(i) * 

n-m 

n-m 


, m < 



where b(l,n) = E[ y, X/.^ja = 1) is the unbiasing factor. 

i=l 

Based on some exact calculations and some simulation studies, 
he also concluded that is preferable to 

In this chapter, we consider some more estimators of 
o treating a (>0) as an nuisance parameter, and compare them 
on the basis of bias and mean square error criterion. The ml 
equations are solved for this case in Section 4.2 and the ml e 
of b is obtained. In Section 4,3, we derive exact expressions 



of biases and mse's. The limiting values of biases and mse's 
as a -♦ 0 and a ^ , are calculated in Section 4.4. In 
Section 4.5, the two estimators which are linear combinations 
of two and three optimum order statistics are studied. Finally, 
we evaluate the biases and mse's of all the estimators consi- 
dered for various values of a, and study the robustness of 
various estimators. 


4.2 Maximum likelihood estimation 


From equation (1.1.2), we get the likelihood function 
of the sample x^,.,.,x^ as 


L (a,a |x^, . . . ,x^) 


_ n (l-a)x /a 

— e ^ S e ^ , o>0,a>0, (4.2.1) 

i=l 


where x =E x^/n. Joshi (1988) has obtained the ml equations 


nx = (n - 1 + — ) a. 


(4.2.2) 


n _ ( l-a)x ./a 

E (x - f ) e ^ = 0, 

i=l ^ 


(4.2.3) 


The mle of o and a can be obtained by solving these equations. 

/s' /X — . 

Clearly one solution of these equations is a = 1 and o = X. 

In order to solve these equations for a and a, we first eliminate 
a by substituting for a from equation (4.2.2) in equation 
(4.2.3). This gives an equation 


(1 - 


S (x . - nx + (n-l) cj) e 


nx/d - n + 1 = 0. 


(4.2.4) 


We now have the following lemma. 
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LEWIA 4 , 2 » 1 ; All roots of equation (4.2.4) lie in the interval 

nx-x n>i-x . . 

(I ), where I =- — and . 

1 ^ 1 1 2 jTl** 1 


Proof : Let 

X . . 

n __ — ( 1 - — — ) 

h(o) = 5) (x . ~ nx + (n-1) a) nx/o-n+l 

i=l ^ 

Clearly h(x) = 0 and hence x is a root of equation h(o) 
Now h (o) < 0 if 

x^ - nx + (n-l)a < 0 V i. 

That is ^(n) - < 0, 


nx - X 


or a < 


(n) 


= I. 


n-1 "■! • 

Similarly h(a) > 0 if 



= 0 . 


0 , 


Thus h(d) can be equal to 0 only in the interval 

We have not been able to obtain the mle completely due 
to complicated nature of h(o). However, the following results 
provide partial answers, and help in finding the mle. 

RESULT (a) ; For Sx? < (2n-l)x^, h ( a) is an increasing func- 
tion of o at X. 

RESULT (b) : For Xx? > ( 2n-l )x^, h ( o) is a decreasing function 

of o : at' X. 


- nx + (n-1) a >0 Vi. 


That is - nx + (n-l)cr > 


nx - X 


or 


o > 


( 1 ) 


n-1 


^ 2 * 
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Proof I To prove Results (A) and (u) , note that 

1 


n 

h'(a) =- S (x , -.nx+ (n-1 ) a) e 
i=l ^ 

X . 

1 , 


X . 
1 

o 


(1 - 


•) X 


X . (n-1) 


n —(1 - i- 

+ (n-1) s e° nx/o-Cn-l) . 

i=l 


nx/o-(n-l) {— + — ^ ^ —X 

0*^ (nx-(n-l)o)^ 


■) 


} 


This gives 


n X. X, (n-1) 

h'(x) = n(n-l) - S (x .-x) + — ^=^^2 3 

i=l ^ x'^ X 


= n(2n-l) - -2— 2 x^ . 

x^ i=l ^ 


2 -? 

Hence if E x. < (2n-l)x , then 

i=l 

h' (x) >0 , 


i.e.,h(h) is an increasing function of h at o = jc. And if 

n 2 -2 - 

E X. > (2n-l)x , then h'(x) < 0, i.e,^ h(a) is a decreasing 
i=l ^ 

function of o at o = x. This completes the proof of Results 
(a) and (b) . 


THEOREM 4.2.1 ; For E x. < (2n-l)x^, the likelihood func- 

i=l ^ 

tion has a local maximum at (n,a) = (x,l). 


Proof ; Using equation (4.2.1), we have the logarithm of 
likelihood function as 

- n (l-a)x ./a 

log L(a,a) = loga-logn-n logd - — — + log E e . 

■ ' 

Direct differentiation gives the second partial derivatives of 
logL(o,a) as 
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da‘ 


log L(a,a) 


n X. (l-a)x./cT n (l-a)x,/ox, 2 

S e ^ ( S e ^ -i) 

1_ i=l i=l , , 

2 ^ n (l-a)x ./6’ n (l-a)x./a o 

— r-i \ ^ 


a 


( S e 
i=l 


^ ) 


( S e 
i=l 


) 


n (l-a)x./a x. 

32 ® ^ IT^ 

a 03a L(a,a) = p [^ + - {Ua)x./o ^ 

E e ^ 

i=l 


n X, (l-a)x. 


E — I e 
i=l 


n x. (l-a)x./a (l-a)x 


^ -f r. ^ e 

i=l o 


~n (l-a)x /a 
( E e ^ ) 

i=l 

n (l-a)x./a x, 2 


(l-a)[ 7 e 

1=1 

n (l-a)x./o _ 
a( r. e 
1=1 


a 




7 _ E e 

1 - T ~ ^ r nx 1=1 

r log L(0,a) = ~ - 

30^ ^ O^ 


n (l-a)x./a x 

"■ (1-a) 


~n (l-a) X ./a 
E e 
1=1 


n 


“1 


n 2nx (l-g) 3 1 =1 ^ 

a 2 ” 03 ■ 

1=1 


n (l-a)x./a 

E x. e 


n2 9c n” (l-a)x ./ c * 

E e 


At the point (o^a) = (x,l), these reduces to 


— log L(o,a) 
3 a 


n 


(x, 1) n^x^ 


[n E x^ - (nx)^] - 1 
1=1 ^ 


3 oaa 


log L ( o, a ) 


(x, 1 ) 


_JL ^ 2 , 

-2 .^1 ^1 " 

ax x=l 

. 1 

■ X , ■■ 



— r log L(o,a) ~ - "ZTo • 

dn^ 1 (x, 1) 

Let H be a matrix formed by second partial derivatives of 
log L(o,a) at point (x, l) . Then H simplifies to 

ro 



|h1 - ^ ((2n-l)x^ - y, x^) . 


(4.2.5) 


Now to show that H is a negative definite matrix, it is 

sufficient to show that 1 h| > 0 and H.. < 0, From equation 

^ 1 i 

^ O ^ O 

(4.2.5), it is clear that if x^ < (2n-l)x , then [h] > 0 

i=l ^ 



1 

n ' 


that is < 0. Therefore, H is a negative definite matrix 

under the conditions of the theorem. This gives that log L(a,a) 
has a local maximum at (a^a) = (x,l). This completes the proof 
of Theorem 4.2.1. 


REMARK 1 : These results do not guarantee that there is no 

other root of equation h(a) = 0 in the interval (l^,!^) in this 
case. However, nximerical calculations show that x is indeed 
the only root of h( a) = 0, and hence is the mle of h. 

REMARK 2; For Case (B) , T. x, > (2n-l)x , and |h1 < 0. 

i=l ^ ^ ^ 

Consequently nothing much can be inferred in this case, as the 



matrix H is indefinite. It can be shown that along the plane 

given in equation (4.2.2), L(n,a) has a local minimum at (x,l) 

n 

in this case. Next for the case v 2 „ t\-2 .. 

x^ > (2n-l)x , equation 

h ( a) = 0 has at least two roots other than Sc = o 2 (say). Let 
these roots be 0 ^, Then 0 ^ 6 (I^,x) and £ (x,l 2 )* 

This can be seen easily by using Lemma 4.2.1. 

We have proved that if o £ (- 00 , 1 ^), then h(o) is nega- 
tive and h(o) is a decreasing function at x with h(x) = 0. 

This implies that there will be at least one root 0 ^ in the 
interval (l^,x). In a similar manner, it ^can be shown that 
there will be at least one root in the interval (x,!^)* 

This is illustrated in Figure 4.2.1. 


h(o) 




Therefore, for Case (B) , mle will be that root out of 

, o„, which maximizes the likelihood function. In this 

1 J 

case, our numerical calculations show that there are only two 
roots namely other than O 2 = ^ of equation h(a) = 0/ and 

also reveal that mle of o is either or 

A computer program for finding the mle is given in 
Appendix B. On solving ml equations [(4.2.2) and (4.2.3)], it 
is observed that a may also be greater than 1. This can be 
observed by the following example. 

EXAI4PLE 1 ; Ten observations were generated from the exchange- 
able single outlier model given at equation (1.1.2) for a = 1 
and a = 0.1. The sample values are given in Table 4.2.1 under 
data set (l). This sample gave the ml estimate a = 3.0648 and 

A 

0 = 1.7960. Some of these sample values were subsequently 
changed to get other data sets. These are summarized in Table 
4.2.2 along with = L ( a ^^/x^, . . . ,x^) . This table also 
gives points I^, x and I 2 so that £ (l^,x) and G (x,l 2 ). 

It can be seen that the mle of a is very sensitive to 
even minor changes in observations, while o is not much affected 
by such changes. This is also expected since a is essentially 
based on one observation only. For example, only one observa- 
tion is different in data sets(lll) and (IV)/ but a changes 
from 1.0000 to 0.6139. In data sets(ii) and (IV) there is 
some difference in 3 observations/but for one case mle of o is 

greater than X, while for other case it is less than x. For 

n 2 '_2 

the data set (III), the condition D x. < (2n-l)x is satisfied 

i=l ^ 

so that ther-e is only one root X. 
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TABLE 4.2.1: Data sets from exchangeable single outlier model 


Data sets arranged in increasing o 
of magnitude 


(I) .18, .30, .49, .55, .79, 1.35, 1.54, 

1.94, 3.53, 6.08 

(II) .30, .49, .55, .67, .79, 1.35, 1.54, 

1.94, 3.53, 5.59 

(III) .30, .49, .55, .68, .79, 1.35, 1.54, 

1.94, 2.53, 5.50 

(IV) .30, .49, .55, .68, .79, 1.35, 1.54, 

1.94, 2.53, 5.70 


TABLE 4.2.2: Showing mle of 0 and a and points I^, x, I^ 


II X I 2 i a. a. lO^L^ 


I 

1.186 

1.675 

1.841 

1 

1.479 

0.4301 

0.2684 







2 

1.675 

1.0000 

0.2612 







3 

1.796 

3.0648 

0.2761 

1.796 

3.0648 

II 

1.240 

1.6 75 

1.828 

1 

1.671 

0.9766 

0.2612 







2 

1.675 

1.0000 

0.2612 







3 

1.733 

1.5011 

0.2613 

1.733 

1.5011 

III 

1.130 

1.567 

1.708 

2 

1.567 

1.0000 

0.5 086 

1.567 

1.0000 

IV 

1.130 

1.587 

1.730 

1 

1.493 

0.6139 

0.4489 







2 

1.5 87 

1.0000 

0.4480 







3 

1.622 

1.2752 

0.4482 

1.493 

0.6139 


S x^-.(2n-l)x^ 
i=l ^ 



D sts. 

set 

no. 















4.3 Different estimators of o and their biases and mean 
square errors 


Due to the difficulty in calculating the mle, we now 
restrict our attention to the estimators which are linear comb- 
inations of order statistics such as winsorized mean, trimmed 
mean etc. We study following estimators as they have been used 
by others in similar situations, see for example, David and 
Shu (1978), Chikkagoudar and Kunchur (1980), Balakrishnan and 
Ambagaspitiya (1988) etc. Some others are also included 
because of their intuitive appeal. The estimators are as 
follows : 

(i) Sample mean: 

n 

U. = E X /n. 

^ i=l ^ 

(ii) Minimum mean square error estimator in the homogeneous 
case : 


(iii) 


(iv) 


(v) 


n 

U„ = r, X /(n+l) . 
i=l ^ 

Chikkagoudar and Kunchur 's (1980) estimator: 

''a = 

One-sided trimmed mean with largest observation deleted: 
. n-1 


U 


4 ~ 2 )" S ^(i)' which is suggested by Kale (1975) 


Limiting minimum mean square error estimator; 
n-l 

U, = E x;.q . 

5 n , (l) 
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(vi) 


(vii) 


(viii) 


(ix) 


(x) 


(xi) 


(xii) 


Estimator suggested by Kimber (1983) ; 

^6 “ b(l,n) ^(i), where b(l,n) = E S 

1-1 1=1 j=i n-j +1 

One-sided winsorized mean of Kale and Sinha (1971) : 




(n-1) 


]. 


One-sided trimmed mean with two largest observations 
deleted; 

n-2 


U 


^ X, 


8 ~ (n-2) ^(i)* 

Joshi's (1972) estimator; 
m* 


U., = 


in' 


1 

— ^(i) + 


u 


10 


= 4 [2(X(2) H-"! 


where m'*f < n, is the optimum value of m defined in 
Section 4,1. 

Winsorized mean with one observation missing from each 
end; 

n-2 
E 

i=3 

Symmetrically trimmed mean with one observation missing 
from each end: 

hi =TH^ 

Winsorized mean with two observations missing from each 
end ; 


“12 “ 5 ^ 


(3) '"(n-2) 


n-3 

) + 5 ^ X(1)W 

i=4 Vi> 



(xiii) Symmetrically trimmed mean with two observations missing 


from each end: 

^13 " (n-4) ^£3 ^\i) • 


In most of the estimators considered, we are deleting 
either some largest observations or some largest and smallest 
observations. Justification for the non- inclusion of such 
observations is that for a < 1 , the set of some largest obser- 
vations has the maximum probability of containing the outlying 
observation. But for a > 1, the smallest observation has the 
maximum probability of being the outlier. Similar arguments 
hold for X ^ 2 ^ , . . . ,X . We have also included which is the 
minimum mean square error estimator in homogeneous case and 
which is the uniformly minimum variance unbiased estimator in 
the homogeneous case. 

We now evaluate exact expressions of biases and mse’s 
of above estimators. These expressions will be used in next 


sections for comparing various estimators. For evaluating 

n 

these expressions, we write each estimator as U = E d.Z,, 

i=l ^ ^ 

using the transformation given by 


by 




1 , . . . , n 


where >i(o) “ then X^^^ 


i 

r. 

k=l 



n-k +1 * 


(4.3.1) 


Here wlog we assume that o =1. This transformation 
is studied by JoshiC 19 72) for this model. Some results of this 
paper, which will be used, are stated below. Let 6 = (l-a)/ot and 
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= probability that rth order statistic is an outlier 


g [ "(n) ' 1 (n-r+g) 


(n-t-g) fln-r+1) 
g 


nb- . . .b 
1 r 


(4.3.2) 


where b . = ■ J.-lff -i. 


j ~ (n-j+l) ' j - 1/ 


For i = 1 , . . . , n. 


Ci) P 

r=i ^ “ 


i ' 


V rn = (n-i-Kt) (n+jg) 

^r g(g+l) ^i' 


(4.3.3) 


(ii) E(z^) = 1 + epj_, 

PCr,2\ _ ^ (2n— 2i+l+g) 

- 2 + 2ep^ (Hzrsi) ' 

E(Z^Zj) = 1 + ep^ + epj for 1 < 1 < j < n. 


(4.3.4) 


The transformed estimators are then as follows 


n 


(i) U. = y, Z /n ; 
^ i=l ^ 


n 


(ii) U_ = E Z./(n+l) ; 

^ i=l ^ 


n 


(iii) U- = - 


(iv) U. = 


(n+1) 

n-1 


(1 - ~)z, ; 

n ^ 


y — _ 2 • 


(n-1) j __2 (n-i+1) i 


(v) = 


1 (n-i) . 

n (n-i+l) ' 


(vi) 


^6 


(n-1) 

h f _ . -i \ 


(vii) = 


b(l^n) (n-i+1) ^'1 ' 

- n-1 


n 2. ; 

1=1 


(viii) U 


1 ^“2 „ . . 

E (“=T^)Z, ; 


8 (n-2) 'n-i+1' 


m* 


(ix) U 


9 , (m*+l) ' 


bo Zj + Z3 + ... Z^_^] ; 


(xi) U 


Z ^ i n— 1 / , 

t= —1 + y ^■firr..'^..j 7 . 

11 n (n-2) ^^'2 (n-i+1) ^i ' 


(xii) U^2 n ^^1 (n-1) ^2 (n-2) ^3 ^4 ^ *** ^n-.2^ ' 


Cxiii) U 


'*2 L_ iilninll 2 

• / >• \ Li t - . -I \ ^ • • 


13 n (n-l) (n- 4 ) (n~i+l) i 


n 


All these estimators are of the form U = i; d,Z. « 


d*Z (say), where d* = (dv/*.*/d )• This gives 

foro ro 2. n ^ 


i=l 


1 1 


n- 

E(u) = S d. E(z.), 
i=l b ^ 

E(U^) = d'E(z Z • ) d, 

inse(U) = E(U-l)^ = E(U^) - 2 E(U) + 1 , 

which can be obtained by using equations ( 4 . 3 . 3 ) and ( 4 . 3 . 4 ) 
For simplifying some of these expressions such as for Ug 

Uii^ U13, etc., we need the following lemma. 
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LEMMA 4.3.1; 


m 

E 


P. 


i=l (n-i+l) 


For m = 1, . . . , n, 
P. 


a 


rn 

1-a “ n(l-a) 

. m , ■ 


n n-i+1 


for a ^ 1 


for a = 1, 


(4.3.5) 


Proof : Using equation (4.3.2), we get 


m 

E 

i=l 


(n-i+1) 


m 

= a E 


(n) |~(n-i+a) 


i=l (n+a) (n-i+2) 


m m 

For a = 1, it gives S p. /(n-i+1) = (1/n) y. l/(n-i+l) . For 

i=l ^ i=l 

a / 1, we apply a result proved by Vannman (1976), which states 


that 


m 

S 


(d-i) 


i=l I (e-i+1) 


m 

E 


i:i (e-i) 

1 __ [.ridT 


(d-m) 


(d-e) 




if d 


] if d / e. 


(4.3.6) 


j (e-m) . 

where m (^1) is an integer and d and e are real or complex 
nximbers such that all gamma functions involved are well defined. 
This gives 


m 


Pi 


y = a , R. P.) , __i 

i=i 


(- 


(n+a ) 


(n+1) 


(n+g-m) 

(n+l-m) 


) 


a 


a 


(a-l)n (a-1) 


(n) r'(n+a-m) 


(n+a) (n+l-m) 


m 


a 


(1-a) n (1-a) 

This completes the . proof of Lemma 4.3.1. 

Using this technique, exact expressions for mse's of 
^1' ^2' ^3 obtained. It can be easily shown that 

E(Uj) = -i (n - 1 + i). 
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E(U^) = ■— (n - 1 + -i^) + ~ (n - 1 + -) ' and 


^ 1 I 2 © 

inse(U. } = — + — ^ 
I n 2^ 
n a 


(4.3.7) 


Josh! (1972) obtained the mse of U 2 as 


mse (U^) 


Tn+TT 


+ 


2 ©' 


2 * 


(4.3.8) 


(n+1) 

The expression for mse of is given by Chikkagoudar and 
K-unchur (1980) . 


Next, we compare and on the basis of mse criterion 
by using exact expressions of mse's. From equations (4.3.7) and 
(4.3.8) , we get 

msedJ^) - mse(U^) 


r a^n(n-.l) - 2a(n^-2n-l) - 2(2n+l) i 

*- 2 2 / X 2 ' 

a n (n+1) 

Since the term in denominator is positive, consider the term 
given in numerator. The positive root of the equation 
n(n-l)a^ - 2(n^-2n-l)a - 2(2n+l) 0 

n^-2n-l + f7n^~2n-l) ^ + 2 ( 2n+l) (n^-n) 

IS = rTT: — . 

1 n v n- 1) 

This gives that if a is greater than a^, mse(U 2 ) will be large 
than mse(U^). It can be seen that as n -♦ <» , attends to 2. 

For some smaller values of n, is given in the Table 4.3.1. 
it shows that for a >2, is better than for all n. 
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TABLE 4. 3.1 1 Showing the values of a. for n = 5, 10, 20 and 

100 


n 

^1 

5 

1.9610 

10 

1.9901 

20 

1.9975 

100 

1.9990 


To illustrate the use of Lemma 4,3.1, we obtain the 

n-1 

bias and mse of the estimator U' = c E which corresponds 

i=l 

to U . , U_ and for different choices of c. Now 
4 5 6 


n-1 

Bias (U ' ) = E (c S 

i=l 


n -1 


Z . ) - 1. 

n-i+1 1 


Using equation (4.3.4), we get 


n-1 . n- 1 p , 

Bias(U') = c[ n-1 - E + c0[l - p„ - Z ' 1- 


i=l 


n i“i n-i+1- 


On applying Lemma 4,3.1 and equation (4.3.2), it gives 


n— 1 . ^n— 1 

Bias(U') = c((n-l) - V — tt?) + c9 - cep„ - cG ( 

n-i+1 n 


a 


c 

n-1 

1 - c E 
i=l 

1 

- cepj 

n 

n-i+i 

c 

n-1 

1 

^Pn 

n 

1 - c E 
i=l 

n- i+l 

^ a 


1-a n(l-a) 
c6ap 


) 


Similarly mse of U' is given by 
n-1 „ 

mse(U') = E(c E X- - 1) 
i=l:"^ ■■ 
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= E(c (rDC - ) - 1) 

= c^n^E(X^)+c^E(X^„^ )-2ncE(XX. ^ ) -t-l-2ncE (x) +2cE (X , .). 

(n) in) (n; 

For evaluating this, we need some expressions which are given 

below and are easy to establish. 




P 


n 


+ V 1 


Gross et al. (1986) have obtained' E (X, s) as 
Vn; 




n-1 . n-1 . n-1 . 2 

E ^ + 2B(a,n) E -r~ + ( E 4 ) , 
j=l j j=o j = l J 


2 ' 


E(x) and E (X ) are given in equation (4.3.7) 
E(X X(„)) = E(i 


Finally, 


_1_ 

n 


n n Z .Z . 

E( s r, ) 

1=1 j=i ‘n-J+D 


n E(zf) 


n n E (Z . Z .) 

S r-TTT^) 


= - ( E — ^ • . 1 

" 1=1 "-^+1 1=1 J =1 


i j 

The last term can be evaluated by using equations (4.3.3) and 
(4.3.4). S\ibstituting these values we can evaluate mse(U'). 
Similar expression of mse(U') is found if we follow the method 
described previously. 

In the latter study, U_ and are not included. These 

estimators are similar to A brief table for biases and 

rase's of U^, Ug and for n =10, 20 is given in Table 4.3.2. 

The table values reveal that mse(U^) is less than 

mse (U,) for all tabulated values of n and a. The mse(U_) is 

■ 6 5, 

less than mse(U^) for some very small values of a only. It j s 
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well known that for a = 1 (homogeneous case) , is best and 
in general the estimators which use all n observations perform 
better for large a values than these estimators (Chikkagoudar 
and Kunchur, 1980). Hence, we have considered only out of 
Uj-, Ug for smaller a values. 

4.4 Limiting values of biases and mean square errors of 
various estimators 

Exact expressions for mse of some estimators described 
in Section 4.3, are rather complicated and it is not easy to 
compare them directly. In this section, we evaluate the biases 
and mse ' s of various estimators for three cases, viz., (a) a. ■* 0, 
(b) a = 1 and (c) a -» oo. The estimator is not considered 
in this section because m* is not well defined. These limiting 
values give a rough idea about the relative performance of 
various estimators. We discuss these cases one by one. VJithout 
loss of generality, we take a = 1 throughout this section. 


Case (a): Limits as a -♦ 0. Equation (4.3.2) can be rewritten 

as 

ury 


p 


a 


(n-i+l) 


(n-Kx-1) TTI (n+a-i) * 


This form of Pj^ immediately gives 


lim 

a-*0 

lim 

a -*0 


I Pi = 

0 

for 

i 

= 1 , 2 , . . . , n- 1 

’ 1 

^ 1 

for 

i 

= n , 

Pi '! 

l/Cn- 

i) 


for i = 1, . . . ,n 

a “ ‘ 

/ '1 

GO 



for i = n , 

ep . _ 

rt 

■ 'oo '■ 

for 

i 

^ l,...,n. 


(4.4.1) 
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Applying equations (4.3.4) and (4.4.1), we get 

1 + 1 / (n-i) for i = l,...,n-l 

lira E(Z . ) = 

a -0 ^ ~ for i = n / 


lira E(zf) = 

a -0 ^ 


2 + 


2 (2n-2i+l) 
(n-i)^ 


for i = l,...,n-l 


for i = n 


lira E (Z .Z .) = 

a -*0 


1 + 


1 (n-i+l) 


(n-i) (n-j) (n-i) 


for l<i<j<n-l 


for i=l, . . . , n- 1 , j=n 


(4.4.2) 

VJe illustrate the calculation of limiting values of 
bias and rase for which is given by 

“lO =-5 ^2 Z 3 + » Z„.l). (4.4.3) 

On using equation (4.4,2), we have 

lim E(U,o) =.i[(l 4.^(1 ^Z^) + (1 +/j)] 

a-»o 1=3 

- n-3 ^ ^ ^ ^ ^ 1 ' 1 


n n -2 n -1 n n-i * 

1=3 


This gives the limiting bias B(U^q) = E(U^g-l) as 


lim B(U. 
a-G 


3 1 1 1 ^ 1 


n n -2 n -1 n n-i 


For calculating the limiting value of rase, we first evaluate 

"2 ' 

the limit of E(Uj^g). Now U^g can be written as 


U. „ = •iCd' - dl) Z. ^ 

10 n ro l ex> 2 \ n j 


where dl 
<^1 


= ( 1 , . . , 


IX (n-1) 



86 


ro2 


( 0 , - 


(n-1) 


, 0, . . 0) 


iX(n-l) 


and 


~(n) 


(^1' * 


E(U^O) 


lX(n~l) 

= ^[a;^<S(n)5.(n)>ai - 2Si^‘S(n)2(n)>£2 

On using equation (4,4.2), we get 

1 im d'E(Z/sZ/\)d^ 

a-*u 


(4.4.4) 


= (1,...,1) 


= (1, .. .,1) 


^ , 2(2n-l) 
(n-l) ^ 

(1+ ^ 
n-l n-2 

n-l n-2 

• 

2(2n-3) 
(n-2) 2 

« 

^ (1 + 
n-l^ 

^ , 2(2n-l) 

n-l 

1 - ^ 'f' 

Z + P 

(n-1)^ 

(n-l) ^^2 

. 2(2n-3) 

(n-2) 2 

. (n-l) 

- , 2(2n-3) 

Z i- ^ 

(n-3) ^ 

(n-3) 


:) 


n- 1 1 


.^(1 + 1) 

n-2 1 


2 


,n-i+l 


) 


n-i+l ' , ( n- 1 ) N 
‘n-i ^ ■’Mn-Z)'' 


.n^ - 

n~ X n- 3 


2 + ^ + -f S ) - (-f ) 

1 i=l 
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_ ^ ,2n-2i+l^ . ,n-i+l,^ 

= 2(n-lJ + 2 s C =-) + ( Y, •- ) - y, (— — j-) 

i=l (n-i)^ i=l i=l 

Similarly on using equation (4.4.2), we get 

lim dl E(Z. sZj d. = r (2 + ) 

a -.0 ■"2 -(n)~(n) -2 (n- 2)2 


lim d' E(Z , ^Zl ^ )d^ = - 
r^i ,o (n)~ (n) <^2 


>n-l) (n-2) 


n , ^ , 2(2n-3) , ,n-l^ n-i+ln 


Substituting these values in equation (4.4.4), we get 

r. ^Tr2 ^ _ 1 ^ (2n-2i+l) , ,“Z^ n-i+l^^ 

lim iiCU. = — :;jL2Cn-l;+ 2 E — + •( y. —j 

a-O n i=l (n-i)^ i=l 


n- 1 „ , 1 2 

y (ilziti) , 

i^l 


+ __i_ + 4 (2n-3) , 

(n-l)(n-2)^ 


2 "^Z^ n-i+l 1 j. , 2(2n-3) ,1 

^ A (n-2) 2 ” • 


mse(U^Q) = E(U^q) + 1 - 2E(U^q). 

On taking limit as a -» 0 and substituting the values of 
lim E(U^^) and. lim E(U-„), we get 


1 n-1 - 

limmse(U-^) = — r[2(n~l) + 4 S — — r + 2 5^ ^ + 

a-*0 n 1=1 1=1 (n-i) 

n-i+l^^ m-i+1.^ ■2n 2(n-2) ', 

yizi-^ " 1112 - ~Hzr“ + 

2 (2n-3) (2n~l) 2(n-3) 2 1 , 2 i 

(n-l)^(n-2)^ • 1=37^”^ (n-1)^ ' 


1 - 2[-2-^ + — ^ + - S — ^] . 

n n-2 n-1 n . _ n-i-* 

' . . 1=3 
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The expressions for limiting biases and mse's of other esti- 
mators can be calculated in a similar manner. Note that, for 
estimators U^, u^, U^, which contain both the limiting 

bias and mse are infinite. Finite bias and mse expressions 
are tabulated in Table 4.4.1. 


Case (b) : a = 1. In this homogeneous case, most expressions 


simplify considerably. Now 0=0 and Pj_ ~ ^ all 1* Further 

are i.i.d. exponential variates with common 

pdf f(z) = exp^-z). In this case, has the least mse equal 
1 


to 


Expressions for biases and mse's of all estimators 


(n+1) ' 

are tabulated in Table 4.4.2. 

Case (c) ; Limits as a -* oo. in this case, small observations 
indicate the presence of outliers. Hence this case loses its 
importance since such observations are bounded below by zero. 
However, we still obtain the limiting biases and rose's. Now 
1 for i =1 

0 


lim Pj^ = 
CX -1-00 


lim 
CC ’-*00 

and 


P. 


0 


for i = 2,3, ...,n , 
for i = 1, . . .,n. 


lim 0 p. = 
a -►<» 


0 

-1 


for i = 2,...,n 
for i = 1 . 

Applying equations (4.3.4) and (4,4.5), we get 

0 for 1=1 

lim E(Z . ) = 

a-»<» ^ L 1 for i = 2, ...n'. 


(4.4.5) 


lim E^Z*:) 

a -»oo ^ 


0 for i = 1 

2 for i = 2,...,n , 
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eind 


lim E(Z^Z,) 

CC. ->00 


0 for i=l, j=2,...,n 

1 for 2 <_ i < j ^ n . 


(4 .4.6) 


Vi'e illustrate this method also by evaluating bias and 
mse of which is given in equation (4.4.3). On using equa- 


tion (4.4.6), we get 
lim =i {-^ 


+ 1 + 


+ 1 ) 


OC — >oo 


1 __ (n-3) 


(n-1) n 

This gives bias B(U^q) as 

lim i3(U, ,,) = 


CX -►■cx> 


10' 


(n-1) n 


In a similar manner, for calculating the limiting mse, we 
2 

evaluate E(U^q). v;e can write as 


Uin = 

10 n 


z 

ro 


lXn-1 n-lXl 


where d* 


= ( 1 , 1 1 ) 


IXn- 1 


and 


lXn-1 


(Z^, 2^, . . .,Z^__^) 


Using these expressions, we have 
lim E(U?„) = lim ~ d' E(z Z') d . 

J. U Z CO CO 

a-*oo a-*ca n 

On using equation (4.4.6), it gives 

2 


lim E(uh) = , ^ ,, 

a-» („-l)2 n(n-l) 


, 2 (n-3) , (n-3 ) (n-2 ) 

T* _ / „ „ v “T 


n 


Consequently 
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lim mseCu^Q 
CX -9*00 

Expressions 
in Table 4.4 


3 

\ _ n - 5 n + 6 
n^ (n-1) 2 

for biases and mse 

.3. 


of all estimators are given 


These calculations show that for small values of a, 
the estimator containing the largest observation is undesirable. 
But if a is large, performs better than U 2 , U^, ^10' ^12 ‘ 

We have tabulated these limiting values of biases and mse's of 
these estimators for n = 10 in Table 4.4.4. These values show 
that for small values of a, 0^ is better than all other esti- 
mators considered in, this section. This conclusion remains 
unchanged for other values of n as well. Next best estimator 

is U for n < 10 and U. _ for n > 10. However, U,. is not far 
o IJ — 11 

'4, 

behind than U fop large values of n. For a = 1, U„ is the best 
i o Z 

for all values of n. The next best is U_ . For large values of a 

) 3 

(-♦ °°), is the ’best for all values of n. The next best is 
U^. It is thus clear that different estimators perform better 
for different values of a and no single estimator can be used 
for all cases. - 


4.5 Estimators based on few optimum order statistics 

The use of few optimum order statistics for the esti- 
mation of parameters has received considerable attention in 
literature, for example, see David ^1981, Section 7.6) for a 
summary description. This technique is also applicable when 
v/e have a type II censored sample (Saleh, 1966). Some other 
such estimators using only a selected few order statistics are 

Gastwirth type estimators (Gastwirth and Cohen, 1970) . In 

, % ' : 4 ': - 




general, such estimators are robust and the outlying obsejrva- 
tions have very little effect on these estimators. 

We now extend the table given by Saleh (1966) for 
right censored samples, which is appropriate for our present 
case. Briefly speaking, the procedure of Saleh for exponential 
distribution is as follows. 

For a given k, consider the order statistics ^,..., 

X(n j with ranks n^,...,n^, determined by k fixed real numbers 
k 

p*, ...,p* satisfying the order relation 0 < jJ* < ••• < pj^ < 1 
and n^ = [npj^] + 1, i = l,...,k. Define p* = 0, P ]!^^2 ~ 
estimate the scale parameter o; let t^ = -log(l-p*), i = l,...,k, 
where 0 < t^ < . . . < t^^ < -log(l-P) and l-f3 is the proportion of 
censoring on the right. Set t^ = -logCl-p). This gives the 
rank of corresponding order statistic as n^^ = [np] + 1. Thus 
the largest available observation in the relevant sample is 
chosen. The remaining (k-1) order statistics are the solution 
of system of equations 

T , . . + T, -- 2t, =0, i = l,...,{k-l), (4.5.1) 

i+i 1.1 


where given by the equation 



Finally, 

o = E b* X. V / (4.5.2) 

1=1 ^ ‘"i' 

where expressions for b*' s are given in Saleh's paper. 

For the exchangeable single outlier model with a <1, 
it is reasonable to delete and take n^ = n-1. This gives 
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Pv “ ^ 't-L- =“log(— ). To determine the remaining 

i V ii n X ti 

(k-l) optimxim order statistics, we solve equations (4.5.1) for 

Here we consider only two values of k, viz.,k =2, 3. 

We have solved the system of equations given in equation (4.5.1) 
for k = 2,3 by using Newton-Raphson method. When tjj^'s are known, 
we evaluate p* by setting 

-t . 

p*=l-e^, i = l,..., (k-l) . 

Thus the ranks of the remaining (k-l) optimum order statistics 
are given by 

nj, = [np*] +1, i = l,...,(k-l). 

Now estimate of o is given at equation (4.5.2). We denote the 

(2) (3) 

two estimates by o , O for k = 2 and 3 respectively. To 
determine b^'s we follow a slightly different procedure and 
minimize the mse (o) with respect to b^,...,b^ in the homoge- 
neous case (a = 1) . For k = 2, this gives b^, as the solu- 
tion of the equations 




1 2 ^ 




(4.5.3) 


For k = 3, b^, b 2 and b^ are the solution of the equations 
b.Etxfn^,) - + b3K(X(„^,X(^^,) =E(X(^^,), 




/ A 



For n = 4 ( 2 ) 20 , the t^'s, P*'S/ ' s and are given 

in Tables 4.5.1 and 4.5.2 for k = 2 and 3 respectively. These 
estimators are easy to use because these contain only 2 or 3 
order statistics and are also expected to be robust. It can 
be seen from these tables that for k = 2, n^ = [— '‘^ 2 ^' ^2 ~ 
(n-1^ and for k = 3, ^2 ^ ^4 ^3^' ^^3 “ (n-l) • Some 

other calculations also reveal the same pattern. With n^^'s 
obtained approximately as above, b^'s can be obtained by 
solving equations (4.5.3) and (4.5.4) for the two cases. 

Another estimator using only some order statistics is the 
Gastwirth mean G given by 


G = . 3 (X 


([3]+!) 


+ X ) 

(n-[-?]) 


+ .2(X 


([|]) 


+ X „ ) . 


Next we compare the estimators defined above and the 
estimators obtained by using equation (4.5.2) for k = 3 with 
weights b^^ given by Saleh (1966). For a proper comparison, and 
use of Saleh's table, 10 % censoring is taken for n = 10 and 5% 
censoring for n = 20 as only one observation is deleted from 
the sample. This estimator contains is given 

by 

.4156X^gj + .2546X^Qj + .1821X^^qj, for n = 10 

.4373X^^^j + .2354X^^^ + .1029X^20)' ^ “ 20 . 

Another comparable set pf estimator for k = 3 which uses 
X(n 1 ) is obtained by 20% and 10% censoring for n = 10 and 20 
respectively. This is given by 

,3921X^^1 + .2763X^^7j + .3459X^5^, for n = 10 

.4156X^gj + .2546X^^gy + .1821X^^gy/ for n = 20 . 
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( 3 ) ( 3 ) 

It may be noted that both t’ne estimators and o '2 use the 

same order statistics for n = .10 and 20. But the corresponding 
weights are different. For large values of n, there is some rnar 
ginal difference in the order statistics used in o' and 

The mse of a , , G, aj snd are given in 

(3) 

Table 4.5.3 which gives that tlie estimator o is the best. 

{ ) 

This table shows that most of the time the estimator o v;hich 

( 3 ) ( 3 ) 

contains only tv;o order statistics is better than G, / 

which use more than two order statistics. It may be noted that 

( 3 ) ( 3 ) 

the relative performance of and for n = 10 and n = 20 

is considerably different. For n = 10, v/e have the expected 

( 3 ) ( ^ ) 

result, that is, is better than 0.“ for smaller values of 

(3) (3) 

a and o. is better than for large a x’-alues. But for n = 

(3) (3) 

20, is better than for all values of a, including a = 

1. In our opinion there are tv/o possible reasons for this dis- 
crepancy. The first is that these are asymptotically best 
linear unbiased estimators and hence their relative performance 
cannot be predicted when exact mse's are calculated for small 
values of n. The second reason is the limited tabulation in 
Saleh's (1966) table. Thus, for example a 3% or a 4% censoring 
for n = 20 v>?ill also require an estimator, with 1^(20) ^long V7ith 
other optimum order statistics and different weights. Thus the 
modified estimators and can be used. Note that the 

weights b^'s can easily be calculated by means of a simple 
comxjuter pi'ograrn, since they require the moments of order stat- 
istics from the exponential distribution in the homogeneous 
case only. 



4,6 Comparison of different estimators of o using exact values 

In this section, we have compared various estimators 
of o on the basis of mse's. In Section 4.4, we have tabulated 
the limiting values of mse of estimators for n = 10 and have 
concluded that as a -* 0, is better than others and per- 
forms the best among all the estimators considered as a -♦ <». 

For a = 1, i.e., homogeneous case, it is well known that has the 
minimum mse. So, for other values of a, the biases and mse's 
of various estimators are calculated by the method described 
in Section 4.3. Biases and mse's for n =10 and 20 are tabu- 
lated in Table 4.6.1 and Table 4.6.2 for various a values and 
0=1. The estimators considered in this comparative study, 
include the estimators given in Sections 4.3 and 4.5. A 
summary table listing the various estimators which perform 
best for different values of a in steps of 0.05 and for various 
values of n, is given in Table 4.6.3. These tables show that 
U^, U^/ U^/ and perform better than others in different 
ranges of a. For a given n, one can use Table 4.6.3 for 
finding the best estimator if a is known. It is observed that 
in general for a given n, the best estimator changes from 
to Ufi to to to as a increases from 0 to 0 °. However, 
for a _< 0.4, is almost as good as Thus for a < 0.4 

among the sample sizes studied (n _< 30), the least efficiency 
of compared to is 0.96 which occurs for n = 30 and 

a - 0.4. Thus one may ignore and use in this range of 

a values. Similar comparison hold for other a values as well, 
where some other estimator is better in borderline cases. 
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Consequently, as a thumb rule we suggest to use 


T 




for 0,00 < a < 0.40 
for 0.40 < a < 0.75 
for 0.75 < a < 2.00 
for 2,00 < a < CO 


(4.6.1) 


for all values of n. This estimator is expected to perform 
best among all estimators in various sample sizes. It can 
be used if a is known. Thus the estimators which perform 
better in various a ranges, are the one-sided trimmed mean 
of Kale (1975), Chikkagoudar and Kunchur's( 1980) estimator 
the minimum mse estimator in the homogeneous case and the 
sample mean U^. 

The main problem in using this estimator T, is that a 
is not known. So we first estimate a and then on the basis 
of the estimate of a, we can get an estimator of by using 
Table 4.6.3. For obtaining an estimate of a, we may follow 
any one of the following procedures. 

(i) We can use the ml equations given in equations (4.2.2) 
and (4.2.3) which give mle of a as well. The corres- 
ponding estimate of d is denoted by T(l). 

(ii) Joshi (1972) has suggested an ad-hoc procedure for 

selecting an optimum value ra* of m for the estimator 
Ug defined in Section 4,3. This is an iterative process 
which uses a table of values of m* and equation 

THTCT X = (n - 1 + ^)3 , (4.6.2) 

. . ■ ■ ■ ■ ■ 

for obtaining an estimate of a. Here o is the estimate 



of CT obtained at the previous step with initial value 
as given in Section 4.3. The final estimate of h 
using equation (4.6.1) is denoted by T(2). We have 
extended his table by considering more a values . The 
value of m* for n = 3(1)20(10)50 and a = . 01 ( . 01) 1 . 00, 
are given in Table 4.6.4. 

(iii) Substituting h = in the equation (4.6.2) given by 
doshi (1972), we get another estimate of a, and an 
estimate of o as T(3) . 

We have thus three methods for finding estimate of a. 

It is not possible to find the relative performances of various 
estimators T(l), T(2) and T(3) by finding exact mse's. We, 
therefore, carry out this comparison by simulation in next 
section. 

(3) 

It may also be noted that the estimator , which 

uses only three order statistics in the manner defined in 

Section 4.5, is also quite good for a _> 0.5. However, ‘^oshi's 

(l972) estimator is uniformly better than 0 and hence 

( 3 ) 

o can be dropped for simulation studies and only those 
estimators which perform better than others may be studied. 
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4.7 Comparison of various estimators by simulation 


In the last section^ we have proposed an estimator by 
combining various estimators for different a values. Here we 
have compared mle with other estimators by simulation using 
1000 iterations for n = 10, and 500 iterations for n = 20. 

First a random sample of size n (= 10 and 20), is generated from 
exponential distribution with 0 = 1 . Then an observation is chosen 
randomly and its mean is made different from the mean 
of other observations. Hence we get a sample containing a 
single outlier. 

The estimators included are U^, U^, U^, U^, 

and proposed estimators using all three methods of evaluating 
a, which are T(l), T(2) and T(3). The mmle which is proposed 
by Joshi (1988), is also included, and is given by 


(n-1)^ oj 


n 2 n , 

= ( S X , ) - L xf . 

i=l ^ i=l ^ 


Simulated values of biases and mse's are given in Table 4.7.1 
and Table 4.7.2 respectively. It may be noted that the simu- 
lated values of mse are slightly higher than the exact mse 
values in most cases, wherever available. So the exact values 
of mse of estimator for which only simulation is done are 
likely to be slightly less . than simulated values of mse. 

With the limited simulation, it appears that mle does 
not perform well compared to other estimators included in this 
study. The mmle when compared with mle performs quite well 
for a >; .5. In fact, it is almost as good as the estimators 
U. , and U,, all of which use the complete sample and for 



small a values, its mse is smaller than, the mse ' s of these 
estimators. It is also observed from the tabulated values 
that T(2) is very marginally better than T(3). Compared to 
T(2) and T(3), the estimator T(l) is good only for large a 
values. In fact for small values of a, it is relatively bad. 
Also, out of these three estimators, T(3) is easiest to calcu- 
late. The mse of doshi's estimator is higher than those of 
U 4 , and T(2) for smaller a values (a < 0.5), while for 

larger values of a, its mse is greater than mse's of U^, U 2 
and . U 4 and perform well and are better for small a 

values. Table 4.7.1 also .reveals thatT(l), T(2), T(3), 
and U 44 have small biases. From mse consideration, is better 
for small a values. But in the homogeneous case, has the 
larger mse compared to other. Therefore, to protect against 
outliers, we have to pay the price in terms of a larger mse 
when there is no outlier. But if one is interested in esti- 
mating a such that the estimate is close to the true value, 
then T(3) is better. Its bias is less compared to others. 

The conclusion of this simulation study can thus be 
summarized as follows^ If the experimenter does not want to 
carry out the single outlier analysis but suspects an outlying 
observation with larger mean, then he may use or 
However, for the single outlier analysis and estimator with 
small bias , he should use T(3). The main advantage of T(3) 
is its simplicity. For finding T (3), first an estimate of a 
using equation 



lOU 


A 

with cr = U^,is obtained. Then using equation (4.6.1)^ we get 
T(3) depending on the estimate of a. 



TABLE 4.3. 2 


Showing the biases and mse's of and 

for a = . 0 ( . 05 ) . 20 


f 


n 

a 

,i 

I Bias 

mse 

^4 

^5 1 



1 ''s 


10 

.00 

-.0000 

-.1000 

.2728 

.1111 

.1000 

.2544 


.05 

-.0248 

-.1224 

.2412 

.1078 

.1018 

.2318 


.10 

-.0467 

-.1420 

.2134 

.1056 

.1040 

.2131 


.15 

-.0660 

-.1594 

.1887 

.1042 

. 1063 

.1975 


.20 

-.0832 

-.1749 

.1669 

.1035 

.1088 

.1843 

20 

.00 

-.0000 

-.0500 

.1584 

.05 26 

.0500 

.0957 


.05 

-.0173 

-.0665 

.1383 

.0519 

.0510 

.0883 


.10 

-.0323 

-.0807 

.1209 

.0515 

.0521 

.0823 


.15 

-.0454 

-.0931 

.1058 

.0514 

.0532 

.0774 


.20 

- .0568 

-.1040 

.0926 

. 05 15 

.0544 

.0734 
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TABLE 4,4.1 ; Showing the limiting biases and mse ' s for a ^ 0 


Esti- j 

mator ! 

- 1 

Bias (a -» 0) 

mse 

(a -» 0) 

^1 

ic 




"^2 



* 


^3 



Vr 


^4 

0 


1 

n-1 


^7 

- 1 
" n 

1 1 
^ Jz V — 

n i=i i 

. n-1 

■^[2(n-l)+ 7 

n i=l 

2 (2n-2i+l) . 

2 

(n-i)^ 


n-i+lv^ ,n-i+l ^ ^1 . 

1=1 1=1 

2[ii=i + 1 i] 

n n i"^ 


U 


8 


1 ^“2 2 
^ i!l ^ 


n 2 

- 2 ^ (n-2) (n-l)-4 7, — ^ 

(n-2)^ i=l ^ 


+ 


n-2 
2 7 


n-3 

- 7 


n-2-i 


i=l (n-i+1) Cn-i) ^ i=l 


n-3 n-2 


{ 


i=l j=i+l 


■n-j (n-j) (n-i 




1 n-2 - 

1 - 2(1 - 7 -^) 
n- 2 n-i 


U 


10 n-2 


1 1 1 1 
+ - At + - 7 

n-1 n n-i 


3 

n 


- jn **^ X *1 ri "** X 

~[n^+2n-2+4 7 -^ + 27 ^ 

2 ^ , . n-x . . / . N 2 

n x-1 x==l Cn--i} 

n-1 2 n-1 ^ .^V 2 

+ ( 7 - 7 + 


i=l 
n-2 


n-x 


x=l 
n-1 


n-x 


. ** a . . 

^ E — 4 — 4 “ 


n-2 ^_2 n-i-1 n n-i 


^2/1 , n-3 X , 2n-5 , 

- 2 n (— TT + + 


‘n+1 


n 


n-2 






TABLE 4.4.1 (continued) 


Esti- ' 
in a tor * 


Bias (a 0) 


11 n-1 


+ 

n-1 n-2 n-3 


1 1 1 
n ^2 i ^ 


1 -1 1 

U, - -At + E X 

13 n-1 n-2 n-4 


mse (a -* 0) 


__ 2__^(1 +_ 2 n ::3 ) + 

(n-1)^ (n-2) 


.l3n-4+2 41^^}] 


o[n - 


2 (n^+2n-l) (2n-3) 


(n-2) 


2 , ,.2 

n (n-1) 


lim inse(U,' ) + ( 1+ )+; 

a-.0 n2(n-2)^ (n-3)^ : 


4 ^ 1 ^ 4 

(-2n+ E -r^) + - 

n2(n-3) i=4 ^ 


4 (2n-3) n-4 i_ f „ a d. ^ 1 

n(n-l) (n-2) n-3 “ ^2^^”^ n-i^ 

n i==o 


4 9 9 

— 1 — - i . ± a . ± 4 - 

(n-1) 2 (n-2)^ 


_1 ";^n4^)^2+i2n=2i±^,^ 

(n-4) 2 i=3 (n-i)^ 


„ n-3 . . n-2 . - 

2 _ n-i-1 n- j - 1 

, .^2 . ^ n-i . n-j 

(n-4) 1=3 j=i+l 


2/1 ^ n-1-1 

n-4 ^ n-2 "* n-l"^ i=3 


* The biases and mse' s of U^, U^, are not finite, 



TABLE 4.4.2: 


Showing the 


Esti- 

mator 


Bias (a = 1) 
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rnse (a = 1) 


12n^ + 3n^ + 7n + 2 
12n^(n+l) 


n-1 . 2 n-1 . 2 

7^0, + x(^)] 

(n-l) 1=1 1=1 

_ n-1 ■ 

+1-2+ — ^ T. ^ 

n-1 . ' n-i+1 

1=1 


1 ^-2 „ ^ 1 2 n-2 „ . . 2 

5[ ( S + S ] 

(n-2) 2 i=l 1=1 

_ n-2 „ . - 

4 . 1 - ^ rp ^ 

n-2 . - n-i+1 

1=1 


n^-2n^+n+2 

n^(n-l)^ 


n^-2n+2 2 Cn-1) ^ n-i 

2 n(n-2) „ n-i+1 

n 1=2 

. n-1 _ . 2 n-1 _ j 

— 1 .r / y i}~A ,) -I- y (__2ni_ ' 


c ontd . . 







TABLE 4.4.2 (continued) 


Esti- 

mator 


Bias (a = 1) 


mse (a = 1) 









106 


TABLE 4.4.3 ; Showing the limiting biases and mse's for a 



U. 


1 

n 


1 

n 


U, 


U, 


-2 


n+1 


( 5 n +n~ 2 ) 
2n^(n+l) 


n+1 

1 


(n+1) 


(n+1)^ 12n^ 


( 12n^+3n^+7n+2 ) + 


u. 


u. 


u 


8 


n-1 


n-1 

- T, 


^_2 (n-1) (n-i+1) 


2 

n 


n-2 


n-2 


n-2 .^2 n-i+1 


■S^(3n^+4n+l)] 

n"^ 

- n- 1 

2^ ^ 

(n-1)^ i=2 

^ n-1 


2 n-1 .2 


n-i+1' 


i=2 


n -1 


n-1 ^^2 n-i+1 


n+2 


n 


n-2 „ . - 2 n-2 „ . - 2 

[ - -( S 


+ -^2*-. -Vn-i+l 

(n-2) 1=2 


i=2 


2(n-3) _i_ 1 

(n-2) n-2 ^^2 n-i+1 


U 


10 n-1 n 


n -5n+6 
n^(n-l)2 


U 


u 


1 1 
2 


11 n-2 ^^2 n-i+1 


1 h i 5 
+ 


12 n-1 n-2 n 


n-2 

;[ S 


(n-2) ^’1=1 (n-i)^ 
1 


n-2 i, 2 

+ ( s -^) ] + 


i=l 


2(n-4) 1 

(n-2) ^ (n-2)^ i=l 


n -1 


n-3 


n -5n+6 


2 .2 


H[- 


8 


+ 2 - 


n-2 
4 T 


n^ (n-1) n (n-2) 


n-2'' 
contd. . 







TABLt 4.4.3 (continued) 


Esti- 

mator 


Bias (a oo) 



1 2 1 

n-1 ~ n-4 n-i+1 

1=3 


d Ito 


mse (a *+ co) 


n(n-2) n n(n-2)*'n-l n 


f-J- + B= 2 ]_ 


r_X. + il=2] 

l-n_1 ^ n J 


n-1 n 
n-2 


n-i-1 




i ^3 (n-i+1) (n-4) n-1 (n-l)^ 


n+1 , 1 ,n-i-lv^ , 

• ^ i53 " 

4 1 

S 


n-4 . ^ n-i+1 
1=3 
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TABLE 4.4,4 ; Showing the limiting biases and mse ' s of various 

estimators in three cases for n = 10 


Estimators 

Bias 

mse 

j a -* 0 

1 

a = 1 

CL -* oo 

a -* 0 

a = 1 

j a O ® 

^1 

★ 

.0000 

-.1000 

'k 

.1000 

.1000 

^2 

•>*r 

-.0909 

-.1818 

k 

.0909 

.1074 


* 

-.1409 

-.2309 

k 

.0937 

.1191 

^4 

.0000 

-.2143 

-.3143 

.1111 

.1162 

. .1591 

^7 

.1829 

-.1000 

-.2000 

.1954 

.1000 

.1200 

^8 

.2286 

-.3572 

-.4572 

.1286 

..1821 

.2535 

^10 

.1954 

-.0750 

-.1884 

.2031 

.1002 

.1180 

^11 

.1111 

-.1286 

-.2286 

.14 85 

.1028 

.1286 

^12 

.0240 

-.1639 

-.2639 

.1329 

.1148 

. 14 09 

^13 

-.0294 

.1948 

-.2948 

. 1212 

.1225 

.1615 


* The biases and mse's of and U^. are infinite. 












TABLE 4.5.1 


Showing the values of t^'s, p*'s, n^'s and 
for k = 2 


n 


■^2 

Pi 

^1 

^2 

^1 

^2 

4 

.3265 

.6931 

.2786 

2 

3 

.3434 

.5 051 

6 

.4989 

1.0986 

.3928 

3 

5 

.4152 

.3950 

8 

.6127 

1.3863 

.4581 

4 

7 

.4648 

.3343 

10 

.6961 

1.6094 

.5013 

6 

9 

.4392 

.2709 

12 

.7611 

1.7918 

.5328 

7 

11 

.4757 

.2475 

14 

.8138 

1.9459 

.5568 

8 

13 

.5067 

.2292 

16 

.85 78 

2.0794 

.5759 

10 

15 

.4838 

.2021 

18 

.8953 

2.1972 

.5915 

11 

17 

.5105 

.1915 

20 

.9278 

2.3026 

.6046 

13 

19 

.4908 

.1736 


TABLE 4.5.2; Showing the values of t.'s, p*'s, n.'s and b.'s 

' ' X . 1 X X ' 

for k = 3 


n 

^1 

^2 

p*i 

*=2 

. . ; j 

“l 

^2 

"3 

^1 

^2 

^3 

4 

.2137 

.4438 

.1924 

.3584 

1 

2 

3 

. 2500 

.25 00 

.5000 

6 

.3233 

^6859 

.2763 

.4964 

2 

3 

5 

.2387 

.2865 

.3907 

8 

.3946 

.8493 

.3260 

.5723 

3 

5 

7 

.3079 

.2650 

.2937 

10 

.4462 

.9713 

.3600 

.6214 

4 

7 

9 

.3552 

.24 82 

.2362 

12 

.486 2 

1 . 06 76 

.385 0 

.6562 

5 

8 

11 

.3289 

.2773 

.2202 

14 

.5184 

1.1468 

.4045 

.6824 

6 

10 

13 

. 3608 

.2631 

.1893 

16 

.5452 

1.2137 

.4203 

.7029 

7 

12 

15 

.3872 

.2510 

. 1662 

18 

.5680 

, 1.2713 

.4334 

.7195 

8 

13 

17 

.3650 

.2750 

. 1611 

20 

.5878 

1.3218 

.4444 

.7333 

9 

15 

19 

.385 9 

.2641 

. 1453 
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TABLE 4.5.3 ; Table for mse’s of various estimators based on 

optimum order statistics for n = 10, 20 


^'\^„^timator 

a 

o‘2) 


G 

""l 

''2 

n = 10 






.1 

. 1833 

.1694 

.1287 

5.9731 

.4857 

.2 

.15 34 

. 1438 

.1288 

1.4 243 

.3926 

.3 

.1347 

.1277 

.1294 

.6488 

.3 283 

.4 

.1229 

.1174 

.1305 

.3995 

.2830 

.5 

.1156 

.1109 

. 1318 

.2934 

.25 06 

.6 

. 1110 

.1069 

.1333 

.2401 

.2269 

.7 

. 1083 

.1045 

.1349 

.2103 

.2094 

.8 

.1068 

.1031 

.1367 . 

.1921 

.1962 

.9 

. 1061 

.1025 

.1384 

.1803 

.1863 

1.0 

.1059 

.1023 

.1402 

.1722 

.1786 

2.0 

.1111 

. 1071 

.1559 

. 1486 

.1520 

5.0 

.1189 

.1153 

.1767 

.1435 

. 1461 

10.0 

■ .1207 

.1183 

.183 8 

.1437 

.1461 

n = 20 






.1 

.0899 

.0798 

.084 0 

1.8824 

.1381 

.2 

.0757 

.0686 

. 0865 

.4615 

.1122 

.3 

. 0673 

.0619 

.0888 

.2247 

.0956 

.4 

• .0623 

.05 79 

.0910 

.1501 

.084 7 

.5 

.0593 

.0554 

.0931 

.1190 

.0774 

.6 

.0576 

.0540 

.095 0 

.1035 

.0724 

.7 

.0566 

.05 32 

. 0968 

.0948 

.0689 

.8 

.0561 

.0527 

.0984 

.0895 

.0664 

•9 

.055 8 

.05 25 

.1000 

.0860 

.0647 

1.0 

.0558 

.0525 

.1015 

.0836 

.06 34 

2.0 

.0572 

.0538 

.1118 

.0760 

.05 94 

5.0 

.0591 

.055 8 

.1221 

.0741 

.0590 

10.0 

.0595 

.0565 

.1250 

.0741 

.0592 


Ill 


TABLE 4.6.1; Exact values of biases for some estimators 


a 

Est. 

. 05 

.1 

.2 

.5 

1. 

2 . 

5 . 

10. 

n' = 10 









^1 

1.9000 

.9000 

.4000 

.1000 

.0000 

-.0500 

-.0800 

-. 0900 


1.6364 

.7273 

.2727 

.0000 - 

-.0909 

-.1364 

-.1636 

-.1727 

^3 

1.4210 

.6021 

.1918 - 

-.0564 - 

-.1409 

-.1845 

-.2118 

-.2212 

^4 

-.0248 

-.0467 

-.0832 - 

-.1552 . 

-.2143 

-.2598 

-.2921 

-.3032 

^11 

.0832 

.05 87 

.0178 - 

-.0627 - 

-.1286 

-.1786 

-.2126 

-. 2227 

n = 20 









^1 

.9500 

.4500 

.2000 

.05 00 

.0000 

-.0250 

-.0400 

-.0450 

^2 

.85 71 

.3810 

.1429 

.0000 . 

-.0476 

-.0714 

-.0857 

-.0905 

^3 

.7890 

.3364 

.1098 ■ 

-.0266 . 

-.0726 

-.0960 

-.1103 

-.1152 

^4 

-.0173 

-.0323 

-.0568 ■ 

-.1025 ■ 

-.1367 

-.1605 

-.1762 

-.1815 

^11 

.0343 

.0185 

-.0073 ■ 

-.0554 

-.0915 

-.1165 

-.1327 

-.1379 





contd 
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TABLE 4.f 

5 ♦ 4 : 

Rang« 
m in 

" ^ values giving .the optimum value m* of 

9 


n- 

4 

n- 

-3 

n- 

•2 

n- 

■1 

n 

3 



- 

- 

.01- 

.09 

.1- 

-.50 

.51- 

4 

- 


- 

.01- 

.15 

.16- 

•.50 

.51- 

5 

- 


- 

.01- 

.18 

.19- 

•.5 0 

.51- 

6 



- 

- 

.01- 

.20 

.21- 

.49 

.5 0- 

7 

- 


- 


.01- 

.22 

.23- 

.49 

.50- 

8 



- 


.01- 

.23 

.24- 

.49 

.50- 

9 

- 


- 


.01- 

.24 

.25- 

.49 

.50- 

10 

- 


.01- 

-.02 

.03- 

.24 

.25- 

.49 

.5 0- 

11 

- 


.01- 

.04 

.05- 

.25 

.26- 

.49 

.5 0- 

12 

- 


.01- 

.06 

.07- 

.25 

.26- 

.49 

.5 0- 

13 

- 


.01- 

.07 

.08-, 

.26 

.27- 

.49 

.5 0- 

14 

- 


.01- 

.08 

.09-, 

.26 

.27- 

.48 

.49- 

15 

- 


.01- 

.09 

.10-. 

.27 

.28-, 

.48 

.49- 

16 

- 


.01- 

.10 

.11-, 

.27 

.28-, 

.48 

1 

.49- 

17 

•• 


.01- 

.10 

.11-, 

,27 

.28-. 

,48 

.49- 

18 

- 


.01- 

.11 

.12-. 

27 

.28-. 

.48 

.49- 

19 

- 


.01- 

.12 

.13-. 

27 

.28-. 

.43 

.4 9- 

20 

- 


.01- 

.12 

.13-. 

28 

.29-. 

48 

.49- 

30 

• 01-. 

04 

.05- 

.15 

.16- . 

28 

.29-. 

47 

.48- 

40 

• 01-. 

07 

.08- 

.17 

.18-. 

29 

.3-. 

46 

.47- 

5 0 

• 01-. 

09 

.10- 

.18 

.19-. 

29 

.3-. 

46 

.47- 
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TABLE 4. 7.1; 


based on 1000 ^^ various estimators 

2 ^°°° Iterations for n = lO and 500 iter 
tions for n = 20 when there is one outlier 


'v a 

Est. 

.05 

.1 

.2 

.5 

1. 

2. 

n = 10 








1.9894 

.8959 

.3934 

.0998 

.0190 

-.0393 

'^2 

1.7176 

.7236 

.2668 

-.0003 

-.0737 

-.1266 

^3 

1.4946 

.5987 

.1865 

-.0568 

-.1241 

-.1751 

^4 

- .0123 

-.0473 

-.0860 

-.1596 

-.1956 

-.2486 

^9 

. 0991 

.0718 

. 0354 

-.0529 

-.1012 

-.1550 


.0977 

.0586 

.0142 

-.0678 

-.1084 

- • 1663 

mle 

.1461 

.1444 

.1377 

.0688 

.0135 

-.0445 

inmle 

1.1551 

• 6366 

.3244 

.0973 

.0251 

-.0360 

T(l) 

.0740 

.0774 

.0517 

-.0260 

-.0771 

-.13 04 

T(2) 

.0257 

.0102 

-.0072 

-.0729 

-.1136 

-.1657 

T(3) 

.0286 

.015 7 

.0080 

-.0548 

-.0925 

-.1459 

n = 20 

^1 

.9230 

.4572 

.1803 

.0454 

.0008 

-.0254 

^2 

.8314 

.3878 

. 1241 

-.0045 

-.0468 

-.0718 

“3 

.7646 

.3427 

. 0922 

-.0309 

-.0719 

-.0964 


-.0126 

-.0365 

-.0612 

-.1093 

-.1387 

-.1631 

^9 

.0664 

.0494 

.025 7 

-.0305 ■ 

-.0611 . 

-.0869 


.0391 

.0145 

-.0121 

-.0628 . 

-.0939 . 

-.1192 

mle 

.0888 

.0716 

.05 85 

.0297 . 

-.0035 ■ 

-.0314 

mmle 

.6392 

.3555 

.16 02 

.0445 

.0016 • 

-.0251 

T(l) 

.0252 

.0311 

.0145 ■ 

-.0180 . 

-.05 00 . 

-.0775 

T(2) 

.0167 

.0088 

.0003 ■ 

-.0422 - 

-.0672 . 

-.0953 

T(3) 

. 0168 

.0112 

.0094 . 

-.0314 - 

-.056 0 - 

-.0869 


5. 


10 . 


-.0823 

-.1657 

-.2138 

-.2919 

-.1606 

•.2121 

..0774 

..0836 

•.1607 

.2106 

.1929 


-.0391 
-.0849 
.1095 
.1765 
.1014 
.1330 
.044 3 
-.0395 
•.0894 
•.1094 
.1014 


-.0928 
-.1753 
-.2236 
- .3063 
-.2134 
-.2261 
-.0959 
-.0966 
-.1775 
-.2291 
-.2128 


-.0577 

-.1025 

• .1269 
-.1907 
-.1151 
-.1477 

• .0606 
■ .0581 
■.1049 
.1210 
.1111 
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TABLE 4.7.2: 


Simulated values of mse of various estimators 
based on 1000 iterations for n = 10, and 500 
iterations for n = 20 



n = 10 


^1 

8. 2555 

1 

.9123 

.4811 

.1452 

.1062 

.0974 

.0944 

.1053 

^2 

6.5022 

1 

.44 06 

.3408 

.1118 

.0929 

.095 2 

.0999 

.1107 

^3 

5.1219 

1 

.1139 

.2618 

.1024 

.0938 

.1014 

.1097 

.1208 

^4 

. 1.085 


.1089 

. 0976 

.1136 

.1137 

.1280 

.1428 

.15 97 

■^9 

. 1723 


.1519 

.1206 

.1115 

.0988 

.1041 

.1106 

.1258 

^11 

.1436 


.1354 

.1114 

.1129 

.1042 

.1091 

.1167 

.1338 

rale 

.2643 


. 2511 

,2009 

.1651 

.1203 

.1101 

.1127 

.1231 

mmle 

2.3027 


.8916 

.3252 

.1434 

.1091 

.0985 

. 0942 

.1060 

T(l) 

.1997 


.1916 

.1481 

.1307 

.1045 

.1056 

.1130 

. 1241 

T(2) 

.1324 


.1289 

.115 7 

.1178 

.1051 

.1111 

.1188 

.1354 

T(3) 

.1331 


.1306 

.1235 

.1236 

.0988 

.1129 

.1182 

.1373 


n = 20 


^1 

1.7228 

.5749 

.1468 

.0577 

.04 75 

.05 00 

.0466 

.0527 

^2 

1.4812 

.4823 

.1190 

.05 05 

.0453 

.04 99 

.0481 

.055 3 

-3 

1.3003 

.4196 

.1048 

.0487 

.0459 

.0517 

.05 06 

.05 84 

^4 

.0512 

.0467 

.0547 

.054 0 

.0556 

.0663 

.0665 

.074 2 

^9 

.0722 

.0610 

.0631 

,0488 

.04 72 

.05 29 

.0512 

. 0581 

"'ll 

.0580 

.0506 

.0566 

.0505 

.0489 

.05 82 

. 0569 

.0639 

rale 

.1028 

.0761 

.0781 

.05 76 

.0515 

.0563 

.05 24 

.0559 

mmle 

.7217 

.3091 

.1205 

.05 70 

. 04 73 

. 05 02 

.0464 

. 05 25 

T(l) 

.0623 

.0584 

. 06 71 

.0517 

.0492 

.0560 

.0535 

.0582 

T(2) 

. 05 96 

.0535 

.05 9 0 

.0501 

.04 87 

.0555 

. 0541 

.0605 

T(3) 

.0591 

.0529 

. 06 14 

.05 24 

.0490 

.0565 

.0544 

•.06 02 


CHAPTER 5 


ESTIMATION OF SCALE PARAI-IETER OF AN EXPONENTIAL DISTRIBUTION 
IN TWO OUTLIER EXCHAlvGEABLE MODEL 


5 , 1 Introduction 


In this chapter, we consider the estimation of par a- 
neters of the exponential distribution when sample contains two 
DUtliers under the exchangeable model. Let be a 

sample of size n in which (n-2) variables follow an exponential 
distribution with cdf F(x) and pdf given at equation (1.1.1). 

\nd the remaining two come from another exponential distribution 
^?ith cdf G (x) and pdf 

a 


= (x* -) 

-VX, 


g(x) = 


o 

0 


exp (-ax/o ) 


for x>0, o>0, a>0 
otherv/ise. 


Che joint density of X^,...,X^ for the exchangeable model is 
jiven by 


{x^,i..,x^) 

”n o 


a 1 


nx 

a n 


[ (^} (x.+x .)] 
o 1 J 

^ t 


‘Xi , . . .,X^ '“1' * * *'""n' „n n(n-l) 


i^j=l' 


(5.1.1) 


n 


jhere x = S x^/n. Let (d / • ♦ • (n) corresponding 

i=l ^ ^ ^ ' . { 

3 rder statistics. Then the joint density of X ^ ^ ^ . ,X is 


jiven by 


^(1) ' * * • '^(n) 


(x 


(1) ' •••/^(n) 


) = — (n-2) I e 


nx 

o 


.n 


I e 


Je transform to such that 


(5.1.2) 
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X, .. 

Y = 

^ (i) a 




This essentially amounts to taking o = 1. We consider a = 1 
throughout this chapter except in Section 5.5 where mle is 
discussed. The joint density '^ ( i) / • • • / Y is given by 

T ^ r. >, +y / .\ ) 

h,. .. ^^(1) ' * • *'^(n) ^ “ (n-2) ia'^ S . e 




(n) 




(5.1.3) 

Appropriate references for this situation are given in Section 

1 . 6 . 


In Sections 5.2 and 5.3, we give the distribution theory 
for the model described above. In Section 5.4, the correlation 
coefficient between the smallest and the largest order statis- 
tics is obtciined and it is shown that it attains local maximum 
at a = 1. This generalizes a similar result due to Gross et al . 
(1986) for the case of a single outlier. The ml equations and 
estimators for o and a are given in Section 5.5. Finally, in 
last section, we compare the different estimators, and study 
the robustness of estimators considered in Chapter 4. 

We need the following standard results in subsequent 
sections, for example see Gross et al . (1986) . For a positive 
integer n and a >0, 

S x^ (l-e^)^“^ dx = / (-logy)^(y)'^~^ (1-y)^"^ dy 

O : : O ' ; 

and / ' ' 

1 

/ (log y)^ y*^"^ (l-y)^"^ dy 
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B (a, n) 


n-1 


-B(a,n) — 

j=o 

n-l 

B(a,n)[ E 


-B(a,n)[ E 
n-1 


j=o (j+a) 
n-1 


n-1 , 2 

j=o -• 


n-1 ' n-1 . 

+3 E E 


for k = 0 


for k 


for k 


j=o (j+a)'’ j=o j=o (j+a) 


j=o 3^ 


for k = 3 
(5 .1.4) 


5.2 Distribution theory 


The marginal pdf of and (Y^^^Y^j^) can be 

obtained by direct integration of other variables from equation 
(5.1.3). However, the cdf of may also be obtained by 

direct argument as follows. For i = l,2,...,n-2, 


«i=n‘y> = < y] 

= Pr[at least i of Y^, . . ., Y^ £ y] 

= Pr[ at least i of Y'^'s with pdf f (x) < y] + 

Pr[exactly (i-1) of Y^’s with ^jdf f (x) _< y and 

one with pdf g(x) < y] + Pr[ exactly (i-2) of Y^'s 
with pdf f (x) < y and two with pdf g(x) < y] 

= E F^"^(y) (l-F(y) )^~^ G^(y) + 

r=i 

rl '■ 1 ' 

S ("■?) (h G(Y)(1-G(y)) + 

r=l ^ 

n-2 n-2' „ ■ ^ ■ 

r. ( 1 iv) (l-F(v) (T-n(-.r))^ 


I 21 


r=n-l 


2 F^“^(y) G(y) (l-G(y) ) / 


H^;^(y) = F’^-^Cy) G^Cy). 


( 5 . 2 . 1 ) 


substituting for F (y) , G(y) and differentiating w.r.t. y, we get 
the pdf of as 

i -3 

/I -fxv, ,, ii-i-t-x 

( 1 f-'i J \ / — V . 

H- 

i --2 


_ (n-2) i -fxv. 2 __ n-i+1 

- (i-3);Cn-l); <1-® ^ (5^) 


• 2(n-2)i rVx'“ “ /. -av. .. n-i ^^ay , 


2(n-2) : 


2(n-.2) : 


i-2 


1 

(DI 

(l-e^y 

i-1 

, n- 

(l-e^) 

(Si") 

i-1 

, n- 

( 1-e^) 

(e^) 


-2ay , 
cxe ^ + 


Ti-Tr: (n~i- 2 ) ^ V ^ , ( 5 . 2 . 2 ) 

where for i = 1, first, second and third, for i = n-1, last and 

for i = n, thirds fourth and fifth term drop out. Thus h (y) 

1 • n 


rs 


h, (y) = (n+2a-2) (i^) 
1 ;n 


n+2a-2 


^ y "C oo 


which shows that has an exponential distribution with 

mean and variance given by 


( 1 ) 


) 


n+2a-2 


md 


V(Y(i,) = 


1 


(n+2a-2) 

Now we evaluate other moments of y 


( 5 . 2 . 3 ) 


for the pdf given 
jn equation (5.2.2) . Using equations (2.1.5) and ( 5 . 2 . 1 ) , we 





f 

o 


CO 


n-2 , ^ 


) ) dy 
n-2 


n-2 


= i2“y+2(i-5i')"“‘ i“y]dY. 

o 

Using equation (5.1.4), it gives 
n-2 . 

E(Y, J = Y 4 - 3(2a,n-l) + 2B(a,n-l). (5.2.4) 

(n) 1 

and (5.2.1), 


For other values of r, on using equations (2.1,5) 
we get 


E(Y, s) 


t» n ^ „ i-2 „ 2 n-i 

, ,) = / [1 - I ("-U(i-iy) (5^) 

(r) ^ i-2 

2 ("ixi-e-y)"-! e“y (1-6^^) (5^) "-^'1 - 

. " 1— 1 
n =1^ 


i=r 

^“2 ^ n -2 
i=r 

This can be written as 

n-2 

\ r r i 

(r) 


n-i- 2 


X (Y)(l-iy) (i^) ]dy . 


E(y. .) = /"[I- V ('^"^)(l-e^)^(i^')''~''~^ 

i=r-2 


o 
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„ i n-i-2+2a 

s (i^) ■ + 
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n-2 

E 
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n-i-2-fa 

(i^) 

n-2 

E 

("-2x1-5^)^ 

n-i- 2 -fa 
(e^) + 

i=r-l 


n-2 

E 

i=r-l 


n-i-2-f2a 

(i^) 
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•^-2 o i n-l- 2 + 2 a 

E ( T^) (i^) ]dy 


x=r 

r-2 
= E 


n -2 
T- S 


ai-2 


i=l -- - - i=r-2 


fn-2 


( 2 ) B(i+l,n-i- 2 + 2 a.) + 


n -2 


2 E (““^) B(i+l,n-i-2-Hi)-2 E (”7^) B (i+l,n-i-.2-Hx) 

J . _ /-s ■I' . 1 

i=r-l 

- _E (“^7^) B(i+l,n-i-2+2a) +2 s (’"'7^)0 (i+l,n-i- 2 + 2 a) , 


n -2 

E 

i=r -2 

n -2 
E 

i=r - , i=r-l 

on using equation (5.1.4). After some sinq^lif ication, it 
reduces to 

r -2 

E(Y, v) = E 


(r) 


1 , 2(n-2) I (n-r+a) 


i=l 


n-l-i 


(n- 1 ) (n->r4-2a) 


(n+a-l) j (n-r+1) .j (n-r-fl) j (n+2a-i) 


(n-1) J (n-r+2a-l) 


(n-r) I (n+2a-l) 


(5.2.5) 


Higher order moments can be obtained in a similar manner. 
Thus for finding Var(Y^^^), note that equations (2.1.5) and 
( 5 . 2 . 1 ) give 

n -2 


E(Y^n)^ = f 2y[l - (1-e^) (l-e°^^) ]d^; 


= f 2y[l-(l-e^) -d-e^) e^*^^+2 (1-e^) e^^Jdy 

o 


n-2 


n -2 ^ 2 


n-1 


= E, ~ + ( E 7 ) - 2B(2a,n-l) E 2a+j 7 :i 


i=l i^ i=l 
n -1 

4B(a,n-l) E 
i=l 


i=l 


a+i -1 


( 5 . 2 . 6 ) 


on using equation (5.1.4) . Using equations (5.2.4) and (5.2.6) , 


we obtain Var(Y / • 

(n) 
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For other values of r, again we start with equations 
( 2 . 1 . 5 ) and ( 5 . 2 . 1 ) , which give 


9 °° n-2 „ i p ni_P 

E(y 2 ) = / 2y[l - s (l-e“Y) (ff) 

o i=r-2 ^ 


n- ^ 

2 S (‘^T^)(l-i^) 

j „ _ **1 JL 


i=r-l 




n-2 ^ i n-.i-2 

S ( "^) d-ii") (i^) 

i=r 

On using equation (5.1.4), we get 




X.J 

i=l (n-2-i+l) 


r-2 - 2 n-2 „ 

+ ( s TT]-^) - 21 ; (^~^) 
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n— 2 i+1 

4 E ("""2) {B(i+l,n-2-i+a) E - —-v- 3 

i=r-l ^ j=l n-KX-i+j-l 
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B(i+l,n-2-i+2a) .g n n ^ k l i : ] - : 3 ^ " 


n-2 . i+1 

2 H ( , ) 3 (i+l,n-i-2+2a) E 

• JL j -1 


n+2a-3-i+j * 


After simplification, it gives 




i=l (n-i-1)'^ i=l j (n-r+i) I (n+a-l) i=l 


2 ] (n-IT I (n+2a-r-lT 


n-r+a+i-1 

r-l 

(2a-l) E 


fln-r) (n+2a-r-l) fCniOa-l) 

1 2i (n-l) rTn+2a-r-l) 

n-r+2a+±-l T-riBFv7~TT I \ 


(5.2.7) 



'ih±^ dlx'ect. urgument: piovides nieuiis ciiid variances of 

order statistics. But if we try to obtain E(Y, sY, for 

(r) (s) 

r < s, expressions become very complicated. We, therefore, use 
alternative technique, which is similar to the one considered 
by Joshi (1972), for determining product moments. This is 
discussed in the next section. 


5.3 Moments -of order statistics using alternative method 

Now we use the transformation given in equation (4.3.1) 
for this case. Using equation (5.1.3), the joint pdf of 
Z^,...,Z^ is given by 


Z^, • • 1' ' n' 


n 


jl z j. z 

r . 1 r 


a 


n(n-l) 


. j 3 , (l-a) ( s + s - 51 ^ 

5 S e ^ 




n 


1 z j z 

(l-a) (2 y --&T 7 + r, a -r^ ) 


■ 1 " , . ‘ril ' r=hl 

runy « ^ ® 


2 U-a) 


) - i: Z„(l- 


1-a 


n 


■)- E 


n-1 n - E 2 (1- . - - - n-r+1' 

2a^ „ • r, ^r=l .r=i+l r=j+l 

HnITT ^ . 

nvn ij j=i+l 

i j n 

^ - E a z - E b 2 - E z 

2a^ 5 r=l ^ ^ r=i+l ^ ^ r=j+l ^ 

1=1 j=Ll 


0 < Z^, .. .,2^ < 


(5.3,1) 


n-r+2a-l 
where = n-r+1 " 


K - , which is same as b given in Section 4.3. 

r n-rtl ^ 


This can be expanded as 



h. 


I n 


2a 

[ Je 

n (n-l) 

e 

n 

E : 
r=2 

e 

^2^2 


^ 3 n 

"^z r, z 

+ e ^=2 r=4 ^ 


r=3 


4* • ♦ • 4 


n 


} + {e 


4 


n 


n^l 


r" ^ S a z -b z 

x:=3 r=5 > 1 ^ ^ n n 

4 ... + 


“ ^1® ^Z Z ^^2 ' * • ' / 

2'**'^n 2 n 


"^1^1 
where a^e 


is the pdf of Z^ and h. 


n 

(5.3.2) 

(z ^ , . , , z^) is the 


2' • n 

pdf of (Z 2 ,..,Z^). This immediately shows that Z^ and (Z 2 /.*/Z^) 
are independently distributed. This result has also been estab- 


lished by Gross st al « (1986) , where they have considered a more 
general situation. 

Integrating out Z^,Z 2 , ^i- 1 ' 2^i+l' * * * ' 2:^^, we get the 

marginal density of Z . as • , 


^Z ^^i^ ~ h^Cz.j,) + h2(Zj,), 


1 

where 


Ok z ^ oo 


(5.3.3) 


-z 
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, 1 1 


+ 


- a . z . 
e ^ ^ 
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Here h^(z^) drops out for i = 1 and h2(zjj^) drops out for i = n. 
This convention is followed in evaluating the expected values 
of and Z^. Now 


E (Z . ) = / z, h (z .) dz . 
1 ^ 1 Z^ 1 1 
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after simple integrations. This after some rearrangeraent of 
terms, becomes 
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Now using equation (4.3.2), we get 
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Using equation (4.3,3), it reduces to 
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Using equation (4.3.2), we get 
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Using equation (4.3.6), it reduces to 
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We next evaluate E(Zj^). Now 
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After some simple resrrengement of terms, this becomes 
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,2 nb- • . •b 4 

b « 1 1 

1 


t • • • + 


a 


nb . . . . b 
i n 


b.b„ 

) j + _1_2 ^ a. 


®i^2 '^1^2^3 


+ . . .+ 


a 


* Ki - “ 


nb^,*.b^ ^ j^2 nb^..*b^ 


+ • • • + 


a 


nb . b 
1 n 


) } +• . . + 


a 


a 


b. * . .b . 

1 1 r 


. + • • • 3 + • * • + 


^ 1 * * *^n-l a 


cL 4 • • • a ^ rib ^ • b 

1 n-1 1 n 


-}. 


On using equation (4.3.2) , we have 



/ _ 4a r^l 1 n i-1 

Lg { E P], + -^ H; Pj^} + --^ I E P^ + 

1 K-2 b^ k=i ^"1^2 k =3 ^ 

1 , ^l**'^i 1 1 b ’.. .b. n 

~3 E Pv^ +...+ -^i= i-i- y n \ + -i i - n 

k=i ^ l b? k-i a ^ k-‘+l ^ 


b. . . .b 

1 n -1 T 

+ ...+ ^ p 

^i***Vi ^ 

Using equation (4.3.3), it gives 

b. 


E(z^) = -r^ i- 
1 (n-l) ‘-a 


1 rn-2+a 


i 


a 


^ n-i-Kt .. , 1 (n-i+a) , , 

^2 - ^T- ^i*-2 Pi> + 

b . 

1 


^1^2 cn-3-Hi 


n-i+a 


^^2 


~ ’ -* * “-•• ' ^ ^ , J- VXJL—J. i\^/ . 

I ~ P^ “ ^ P-i + 3 ~ ~ P 2 J +...+ 


a 


a 


1 ■ ,2 

^i 


1 (n-i+g) 

a ± • 


• • •^l-l . 1 (n-i+g) , • '^i ( n-i-l-ig) 

a,... a, , \.2 a Pi^ + 3 ^ Pi +1 


'i -1 b. 

1 


B., • • • B . 

1 a 


*_l.l^?i±l_ (n-i- 2 +a) 


^l***^i^i+l 


a 


i+2 


1j * Id 

. . 1 n~l 1 

+ • . . + — p J 

i n -1 


4a 


b 

r X rli — ^ I \A> \J.'— >t>0/ \ ^ IX— ^ -U "+">0/ ~r JL / XI 

u:3T t ‘“IT- P 2 ^ -5 - Pi! + 


1 ^n— 24a _ ( 1— a ) (2n— 2i4a4“l) 

- 4 - « “ 

2 


^ 1^2 r-n-34g _ . (1-a) (2n-2i+a+l) , , , “l“*^i-l 

*"ir“ P 3 — u-iw y ' Pi^ ■*■•••■" a~:a._'^ 


^1^2 


-g 

fn-i-ig _ . ( 1 -a) ( 2 n- 2 i+a+l) , , 1 ** i ^n-i-l+a 

■ ^-r- Pi + —5 (n-i-hi) Pi> T 73 * 5 Pl+P 


a^ • • • a . 
1 1 


b. . . .b . 

1 n - 1 1 

^ ^ — P J . 

a. . . . a ^ n 

_ . 1 n - 1 

Again using equation (4.3.2), we get 


Eizp 


2n 4a r fn-1 . n-2 , , n-i+l , , (1-a) 


( n- iT 


[i 


nai na^a2 


+ . . .+ 


"^l***^i-l 


.] + 


a 



(2n-.2i+a+l) 

p . 


(n-i+a ) 


^ • • • }o , j 

1 ■ 1-1 

Q. -^ • • • Q. . ^ 

1 X-1 


] + 


f H-i , n-i-1 ; 

^ 4“ • • * 4* 


n 


na 


i-fl 


I*i S . 1 •! • • • 3 -I 

x4-l n-1 


]]. 


(5.3.6) 


— r—B^+1) ... , JTn'+2a- 2) , ru+2a-3) , , | (n-i+2a) , 

V fTiiTT fTEliy "*••" RETITn ' 


■i— i-2n-21-Kx+l) _ __ i (n+a) . jfTn+2a-2) 

a (n-i-ki) Pi^ 'X - +...+ 


(n+2a-l) j (n-ta-l) 


(n+2a-i) 


•} + 


(n-i+1) 


I (n+a-i+l) a^...aj | (n+2a-i-l) 


- {■ 


(n+2a-i-l) 


(n-i) 


(n-4-2a-i-2) 

ITrEmy 


+ ...+ m ^ j ] 

fTU 


on substituting the values of a^'s and b^'s. 


On using equation 


(4.3.6), it simplifies to 


E(zJ) 


n (n-i) 

(2n— 2i+cc+l) 

""Pi “"(Eli^) 


j- Hn+l) ^ r(nH-2a-l) _ f '(n+2a-i) ^ 1 

l~(n+2a-l) j (n-1) [ (n-i) 


-a 


a 


(n4a) 


1 jj (n+2a-l) 


(n+2a-i) 


(n-i+1) 


j (n+2a-l) j”(n+a-l) | (n+a-i) 

} + 


} + 


ih {■ 


-a 'O'r ^ 

...a. 1 (n+2a-i-l) J (n-i) 


(n+2a-i) 1 (2a+l) 


ruT 


EM)] 

EH 


4a r n (n-1) 

n (n-l) ^ 2a 


(n+l) J (n+2a-i) ^ 


(n) fTn-i-Hx)' 


(2n-2i-KXtl) 1 (n+aT 1 r 

(n-i-Ki) — — " ^ 


2a j (n+2a-l) ] (n-i) 

(n+2a-l) 


(n+a) [ (n-i+1 ) 


(n+2a-i) 


(n-i) (n+2a-l-l) 
2a 


1 (n+2a-l ) ^ i (n-Ki-1) 

'1 ■■■ -1' . ' 


Tn+a^(3y 


} + 


■ J • 


ai . . . 


Hence 



£( zj ) 


n (n-1) 


rCn+l) rTn+ 2 a-i) 

^ ' ■ — + Vl ~ 


2 j (n+2a-l) |"'(n-i7 


a) 


U+ l). rCn-H^x) (2n-2i-Kx+l) ^ Rn+2a-l) 1 (n+2a-i) ^ 

'7 ^ \ 1™'/'' S ^ ^ 


1 (n-i+1) f(n+2a-l> (n-i-Ki) fTn+a-l) f'{n+a-i) 


a- ... a'. 
1 1 


_ (n-1) (n+2a-i-l) i 
3 o i- 


(5.3.7) 


For obtaining the marginal pdf of and Zy we integrate out 

the other variables 2^ ^^UV ^±+1 Zn 

equation (5.3.2) to get for i < j 


1 

where 


^ hj^Cz./Z.) + h„(z./Z.) + n-,(z,,z.), 0<z./Z.*Coo , 

jj^/ j J J ^-LJ OJ.J I J 


h ,( z ^, Zj ) 


2a ‘ 


-z,-z. -z.-z. -z.b,-z. 

re^J J 

[ 1 ^. ^ +...+ ® 


-b . z . - z . 

J 


n(n-l) ‘ a^^b^ ' a^b 2 b 2 




-b . z .-z . 
« 1 ^ J 


-b . z . -z -b , 
« J J 


+ . . .+ 


a ^ b » . . . b . ^ b J ^ . . . b . . a . b » . . . b > ^ b « ^ . . . b . ^ 

1 2 1-1 i+1 j-1 1 2 1-1 1+1 j-1 


+ . . . + 


-b.z.-b.z. -z,-z. -z.-z. -z.-z. 

■} + 1 - r — + r-r r — - +.. .+ r + 


® 1 ^ 2 ' • '^n 


® 1 ® 2‘=’3 ® 1 ® 2 ‘’ 3’=4 


1 ^ a. .s . . . }o . 

123 1-1 


-b . z . -z . 
e ^ ^ 

a a b ...b. - 
1 2 3 x-1 


+ • . • + 


-JD . Z . - 2 . 
1 JL J 

e 


-b.z.-b.z . 
^ 1 ^ J J 


^l®2^3’ * ‘^i-l^i+l*:* *^j-l ^1®2^3 * * j-1 


-b.z.-b.z. 

e ^ ^ J ^ 

^1^2^3***^i-l^i+l'“^j-l^j + l’* '^n 


} +...+1 


-b . z . -z . 
. 1 1 J 


'01 ^ &' m ■ m 01 . ^ 

1 1-1 




-b . z . -z . 
e ^ ^ J 


-b . 2 . -z ,b . 

g 1 1 J J 


®i • • • ®i-i‘'i+i • • j-1 ®i • ■ • ^i-i'"i+i • ■ j-1 


Hh • ■ 4 ~ ' 


-b . z . -b .z . 
p 1 1 J J 





h2 z j) 


-a .z .-z . 

e 1 1 J 


.a.z,.z. 


n(n-l) ^ ^ i ^i+1 *** * ' * ^ • • i***^ 1 


■ a.Zi-z. 


-a.z.-b.z. -a.z,-b.z. -a.z.-z. 

e ^ ^ J ^ e ^ ^ J J e ^ ^ J 


a.z.-z . 
J 


+ . » . + 


-a .z .-b .z . 

1 i 2 3 
e 


^1^2- ••^i-l®i+l^i+2***^j-l ^1^2* * *^i-l^i+l^i+2* • ’^j-l 


-a.z.-b.z. -a.z.-b.z. 

e 1 1 J J ^ e ^ ^ J J 

• • • "I" a n V> V> ^ "4* » • • “i* "' ' ' ' 

12 i-1 1+1 1+2 n 1 1-1 1+1 j-1 

-a . 2 .-b .2 . 

e ^ ^ J J ,1 

"^'•••"^3 a a a H o^-' 

1 1-1 1+1 J-1 j+1 n 


h3(Zj_,Zj) 

* -a.z.-aiZ. -a.z. -a.z. 

{ ^ [ ~ -* ] j . 

nXn^T a^ . . . aj_^bj_^^ a^.. .b^ 

Here h^Cz^^Zj) drops out if i = 1, h 3 (z^,Zj) drops out if j = n. 
In particular, the pdf of Z^, is 


h_ „ (z., , z . ) 
Zi,Zj 1 J 

"*^1^1~^1 

r © 

=cfi- r -I-. . - + 


-a^Zj-Zj -a^Zj-bjZj -a^z^-bjZj 

e .,. . . H- — — —3 + 

b..,...b, , bT . .b , b2***b^ 


2***J-1 2**‘j-l 


-aiZi-Zj -^l^l“^j ;®l^l"''j^j 

C ^ r: ■ . 4.» ' M il... s , ■ ■ ■- ■ 4 “ « • 

t K ^ * • a b - . b av-^b.^* . .D . ,, 

^2^3 2 3 j-1 2 3 J--1 


-aj,Zj-bjZj 

■0 


-a^z^-a.zj 

0 


^ — 2__ — — — ' — - — ^ } + . . .. + It ^ I 

a2i^3*“^j-l^j+l*‘* n ^2* * * ^j-1^ j+1 


• • • } 4 ' • • • 


-j. 



where c 


e 


a. 2 --a .2 . 
11 J J 


2 J-lj +1 n-ln 


3], 


2a' 


n 




K ow 


OO OO 


ECZj^Z.) / / 2.2. h (z.,z.3 dz . dz . 

o o ^ ^ ^ J 1 J 

After simple integrations, we get 


K (Zj,Zj) 


?? ^ f f_l 4. _J: , , 1 , 1 

^ *** ®1^2"*^i-l ^ 1 ^ 2 * * 


+ • • • 4 - 


4- 


®1^2“*^i-l^i^i+l ^1^2***^i^i+l-* ‘^j-l a^b^.-.b^. . .bj 


4“ . • • 4- 


3 + [“ — r ' 'L' ■!■ "7 — ~t:: — r~ + . . . + 


S’ Jo Jo ^ Jo Jo ^ Jo 2 2 3 ^ 2 ^ 3 4 

12 n 


a- . . .b , - , , ,2 

12 3 1-1 a . . b . 

12 3 i-1 1 


4-. . .4- 


^ 1 ^ 2 ^ 3 " *^i‘ * *^j-l 


®1®2^3* * *^i* * '^j 


4- • • • 4- 


2 2 

a^ arjbrj# • •b. • • .b f# • •b^ 

12 3 1 J n 


} 4-. . .4- 


^i*'*^i-i^i^i+i 


4- • • • 4* 


a^«««a> -Stb. .-•••JO . ^ 

1 1-1 1 14*1 J -1 




*+*••• 4 - 


^r**>i^i+l***^r“^n 


3 + 


^1^2* * ‘ ^i^i+l^i+Z 


4 - • • • 4 - 


^1* • '^i-l^i^i+l^i+Z* * *^j-l 


4 * 


1 ^ 2 * * *^i®i+l^i+2^j-l^j 


4 " • • • 4 * 


, '■ 2 . ■' 2 ' ■ 

a.- • » * S « -1 ^ Q _• O • • T • * 

1 1-1 1 14*1 i42 2 n 


} 



1 


1 


[■ 


2 2 , 


+ • . . } 


0-1 *• •'^4 •• *9 .♦••O 

J- 1 J n 


■]], 


'which can be written as 


E (z , z .) 

X j 


[~ ^ 


^n-l) *-3^ ' b.. \b b. 


-1 • • • XJ • ^ • JL' -1 l _ 

1 X -1 1 1 1 


+ . . • + 


Id • }d . 

1 j-i 


) , 1 / 1 
J + t~tr- Ai:: — ^ — r— + . . . + 


b .b . 'b, . . .b . 
1 J 1 J 


— ^ 


b. . . .b 

1 n 




+ . . .+ 


+ . . . + 


1 / 
+ — ( 


+ ^(t ^ 


b^*«*lD. . b. b,-«#*b 

1 X- 1 1 1 1 


+ * • . *i“ 


.) + -1 — (- 1 

f ^ L- U. V 1 


b- . . .b , ' ‘ b b . 'b- . . .b . 

1 J-1 J 1 1 J 


-1 b ^ • b . 

>) +...H 1 i-:; I 


b .4 • • • b 

1 n 


b . b. • • •b 1 
j 1 j 


H" • • . + 


a-.., a. ^ a? ^l’’*^i+l 
1 1-1 1 

-4 b • * « b t . ^ 

^ )) +--i — J+n I 


4 * • • • + 




b. . • .b 

1 n 


b «i • • • b t r> 

l'*‘®i®i+l ^ ^ ^ 


4“ • . • **1- 




b. . . .b 4 - b . b- ♦ ♦ .b 1 

X J — X J X J 


4 ’ • • *4 


bj...br, 


) } + , . . + 


b. . . .b . 
1 J. 


2 2 

a^. . . a^. . . aj 


b <4 • • • b t , - 

1 j+1 


4 • # • 4 


- b. . . .b ' . 


bi . . .b„ 

1 n 


e^«-«a .. b.4*-* b 

1 n -1 1 n 


For 


simplifying this expression v;e use equation ( 4 . 3 . 2 ) • .Then 


E(z .Z .) 

1 J 


2 a r^l ' 


(fry ^ ^bib: J. 


1 j -1 . n b. . . .b j -1 - 

+ r- r Pi + T— u- E Pvi +• • •+ T~~= ^ ^ Pv TT + 


b .b . ^ 

1 J b=j 


n / b^...b. ^ b^.V.b^_^^ 

S p^} + —^ { S P^ + ^ ■ S_ P ]^3 + — 9 — 

a- • # • a . k=i4l j k=:j 


a-4 '• #' ♦ a'# a . ■ 

1 1 i+l 



J~ 1 n b. . . .b , 

k=i+2 ^ 


k=j ^ 


i-l 


1 


n 


iw- H Pv^ + 


. .2 ‘b . , ^ . ^k- 

ai...a,...aj_i j k=j 


* hi) t 

-X. L 


n 


^ E Pv ^ 


b - # • , b - 
1 n- 1 


2 2 ^ - ■ . . . . „ ^ 
a ...a-... a. k=j+l a . . . a”^ . . . . . a 

^ J 1 i j n- 1 

2a 


(Pnb 


__ f-l fHXX „ n-i-Ha , 1 n-i+a 1 -n-i+a 

-L/ a. a z a b. a b. a 

-h 1 1 


(n 

1 n- j 4<x 


n 1 jn-3-Hi n-i-ba 1 n-i-ha'_ 

b .b . a Pj ^ ^ a a ^ ^3 " “T" b” ~i~ 

■^3 12 1 


1 n- j-KX 


_1 n- 1 -HI 


b u • • • b . > ^ _ 

1 X- 1 f 1 n-i-Kx 


cc ^ j ^ a^ . . . a^ ^ ^bj^ a “ 


1 n- i 4-a 


b, a Pj b .b . a 
i 1 J 


S^XS p ! + ,n^l« 

_ .2 ^ a Pi+1 


3 ^ • • • 3 • 
1 1 


n- j 
a 


p, + 


^ X-jX p.} + jn-i-2+a 


J bj a 




a 


'1+2 


iixx p + X ixx o T + . + -^:.i x x.. „ 
a Pj ^ b . a Pji -< •• .+ 2 

J a. ... a .... a .. 


1 1 n- i +a 

‘f: — s— Pj 


j-1 


b ..]••• b • * "1 I -s, ^ “i • • • hi) ^ 

X 1 o ] + + — i ^ 

2 ^ a ^j+1^ +...+ 2 2 

1 J 1 1 J n- 1 


Pnb 


on using equation (4.3.3). After simplification, vje get 


E(z^Zj) 


2a r^l n-2-Kx a . ^1^2 n-3-Ki 

L + 


a , 


^1^2^ 3 n-4+a 


(n-1) ^a^ a ^^ 1^2 ®1^2 ^1^2^3 ^1^2®3 


a 


a 


* nb^ . . .b^ 


*“h • • • + 


bj . . n-i-jg 

' * * ^i-1 ^ 


a 


nb. . . . b . 
1 1 


+ 


1-a 


P j 

^Pi + 

■ "I 


bi b^b ^ b^...bj,_. ' 

• I — + — - — +. . .+ !r + 


n-i-l-ha 1 


^X2 


A‘ * •°i-l 


a • • • a 


" “"i+i 



n- i- 2 +a 


1 


+ . . . + 




nb . 


n-> i-+a 


1 , 1 -a 


i+2 


+ — r- p . [ 


b. • . •b . 
1 1 


3 2 nb, a j ^ 2 


'r 2’- 4* . • , -1* 


-1 Irl 1 , ___ n- i-l+g 


ai* •■* 


*H • * • -I ■ 


a 


a^ . . . . nb 

1 n-l n 




Substituting the values of b^^'s for some terms, it reduces to 


E(Z^2j) 


2cc r rib"! , n— 2 , . n-i-i-1 n-i 


Tn-TT *- ^'na^ na^a^ 


bi 

n- Vrl 


4- • . • 4- 


ri ^ -I • ♦ • 0 . . - 2 

1 1 


ilzJ. 


2 2 2 
^ n. n0^ •• *0. •••0 . 

-i. X J*«X X 1 j 


4- • . . -I” 


1 


4v. * .4- 


_} 1 j =2: (p + U) 

na, . . .a ^ a ^^i b, ‘ 
I n i 


P.v 


-1 ,-y b-*#*b, b-,*«*b. -, 

U , 1 . 1-1 1 , 1-1 C 1 1 . 1 1-<“1 

I 4“ ... 4- ~ j 4* — — p . I r + : ::r + . . . 4- 

01 01* ..0^^ GC ^2 __ _^2 


1~1 


0 .... 0 . 0 . ... 0 . 0 , ^ 

1 1 1 X 1+1 


bj. . .b 

• *^j-l 


}]. 


C5.3.8) 


On substituting the values of a^^'s and bj^'s, we get 


E(2.Z .) 

J 

2a 


[ 


(n) 


i -1 

{ E 


(n+2a-l-k) , 1 rin-i-2a-i-k) 


1 (n+2a-l) k=l j"(n-l-k-M) ^i k=l j (n-i-k+1) 


1 n-^-1 I (n+2a- I'-k) \T2a ) ^ _1 

^i^j k=i I (n- j-k+1) ^i^j nn ■ 


-a 

a" Pi 


(n+a) 


i-1 


(n+2a-l) k=l 


(n+2a-l-k) . 1-a P 

: ^ 


(n+a) 


i-1 


j (n+2a-l-k) 
h 4- 


(n-Ki-l-k+l) ^i I (n+2a-l)' k=l J (n+a-l-k+TT 


1-a 


a a 


(n+aT ^ ^ ^ 1 (n+2a-i-k) j 


i 1 (n+2a-l) k-1 fTn+a-i-k+l ) 



Using equation (4.3.6), it gives 


E(2.2.) 


2a 


(n-1) 


[- 


(n) 


i (n+2a-l) 


{ rTn+2a-l) _ 1 (n+2a-T7 ^ _j_ n- i+1 1 


2a 


(n-1) 


{ (n-i) 


n-i+2a-l 2a 


. ( 1 (n+2a-iT _ r(n-f2a-Ty ^ (n-i+1) (n- 1+1) ^ 

r ^7j) ' (n-i-l“2a-l) (n-j+2a-.l) ^2a 


(~ (■ 


(n+2a- ) 


(n- j7 


iHa+II) ^ 

ITjy \T2) 


nM)} + 


D . 


a 


(p, P) ^ 

(n+2a-l) ^ ,°i 


(n+2a-l) 


(n+a-1) 


(n+2a-i) ^ ^ 1-a | (n+a) 


1 (n4<x-i) 

2a r n-1 


a a , 




(n+2a-i). 


(n+2a- j) 


i r(n+2a-l) |T^-i) 


(n+a- j ) 


y] 


— ( — — - _ — 1 j. 1, I., V- ■ — ::l; 1:::: — 

{ 1 ) ^ I ■ — - - .... 

2al(n+2a-l) j (n-i) 2ar(n+2a-l) \ (n-i) (n+2a-i-l) 


(n) I (n+2a-i) 


(n) 1 (n-i-2a-i) (n-i+1) 


i~(n) fTn+2a-1) (n-i + 1) ^ (n-i + l) (n- j+l)r(n)| (n+2a-i') 


2a(n-i+2a-l) | (n- j) |,(n+2a-l) (n-i+2a-l) (n- j+2a-l) 2a [Tn- j) 


(n+a) j (n+2a-i) 


^ + (p . + T-^) { (nH-a-l) - 

(n+2a-l) 'a ^ ^i I (n-+a-i) | (n+2a-l) 


} + 


1-a 


P 


,2 a. 


(n+2a-iy r'(n+a) | (n+aT 1 (n+2a-.1) ^ j 


a~ '^i j (n+2a-l) j (n+a-i) j (n+2a-l) J (n+a- j) 


Using equation (4.3.2) and simplifying, we finally get 


E(Z^Zj) 


, , 2 (1-a) 1 (n-1) 1 (n+2a-i-l) ; 2 (n-i+1) ( 1-a ) fln-l) | (n+2a- i-1 ) 

^ — 


(n+2a-l) I (n-i) 


(n-i+2a-l) 1 (n- j) J (n+2a-l) 


2(l-a) ["(n-l) I (n+g-i) 2(l-a) [(n-l)' j (n+2a-i) 


(n4<x-l) fTn-i+1) 


(n-i+l) fln+2a-l) 


2 (l-g) RnTIT 1 (n- 1+aT (n- 1+1) 2 (1-a) lin-lM (n-.1-i<t) 1 (n+2a-i). 

f(n+a-l) I (n- j+l) (n- j+a) 
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(5.3.9) 


These formulae given in equations (5.3.5), (5.3.7) and (5.3.9), 

give the moments of Z^^'s. For finding the moments of 's. 


we use equation (4,3.1), vi2.,Y^^^ = T, ■ • 

Here for calculation, purposes, we have used equations 
(4.3.1), (5.3.4), (5.3.6) and (5.3.8). In Table, 5.3.1 and 

Table 5.3.2, we have tabulated the expected values of 
r = l,...,n and variances and covariances of ^(s) 

l_<r< s£nforn=10 and a = .05, .1, .2, .5, 1.0, 2.0, 5.0^ 

10.0. These moments are also calculated by the formulae given 
in Section 5.2. These are also checked by the well known iden- 
tities 
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and 


^i, j:n 


i=l 


= S V(Y .) = (n - 2 + -o) , 


a 


v;here a. is the covariance between and 

i , j : n 

It is to be noted that j) ^ “ Var(Y^^^) , 

n 

since = Z^/n and Z^/(n-i+l), and and 

(Z^,. ..,Z.) are independent as proved in the beginning of this 

section. However, we have tabulated all covariances in Table 


5.3.2 for the sake of completeness. 
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this correlation coef|iclent by p^, have 




As proved in Section 5.3, z, and (z 1 

^ ana i.Z 2 ,...,Z j are indep- 


endent. Hence Y(l) = _ J 

^ "(j)“ (1) ~ nTjlfl indepene. 

dent. Therefore ^=2 


= 0, 
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Which gives CovCY.;- 1 


^ 




(5.4.1) 


Where > o since.;Ct.v(j.-(^, ,Y,^j , > o. Fron, eguations (5.2.3), 
(5.2.4) and (5 . 2 . 6), ;■ we; also have 


V(Y(i)) 
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(say) 


(5.4.2) 


and 
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1 2 
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; t X*“l i — 1 


‘ i -• 


B(2a,n-l)i^ =^,^(a) (say). 

,*1 


■'•I.- t.i'' 


(5.4.3) 


Let fh(oc)J . The^ h(cx) — g(ct)f(a). On using these 

©rrll At t:nn'CS* /Y i ^ 4 il* ’ ^ 4 H J ^ ^ ^ ' 


quations for a = l] it; simplifies to .the well known result that 
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, ;; , -1/2 
j=l j'' 


( 


see David (I'JDl) , 


' P • 4 y j . a iiiiii ar 


expression for correlation ■ • 

ion coefficient for the case of one 

outlier, is given by Gross et al M oor ^ 

UJ86), v;here it is shown 

that this correlation coeffio-:^ ^ ^ . 

ent attains a local maximum for 

<1 = 1. In fact they have c!hn,.n 4.’ 4. 

shown tnat there is a global maximum 

if oc = 1 for n < 5. Fnr 1 

or larger values of n, algebraic expres- 
sions become too complicateH 

Plicated to prove it theoretically. We 

now prove a similar result for- ^ 

nor using an identical approach. 

Equations (5.4.2) and (5.1.3) give 

f ( 1) = , 

f ■ (1) = 4n, 
f " (1) = 8, 


and 


g(i) 


n 
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i=l i^ 


(5.4.4) 


Also x^'l 


On interchanging the order of differentiation 
we have 


and integration. 
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on using equation (5.1.4). similarly 
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(5.4.5) 


= / ^ x2^-l ( l - x )^-2 

o . 


dx 



These give 


2ii(2a,n-l) 


n-l 

S 

i=l 


1 

2a-hi-l 


1 1 
i=l ^ 


2 

n (n-i) 


n 

E 

i=2 


1 

i 


Now h'(a) = g'(a)f(a) + g(a)f'(a). 

A necessary and sufficient condition that h' (1) = 0 is 
g'(l)f(l) + g(l)f'(l) = 0, that is -|g'(l) = g(l), on 
equation (5.4.4). Here g(a) satisfies, tiiis condition, 
end, note that equation (5.4.3) gives 


n-l . 2 n-l 
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n ( n- 1 ) 


n-l 

E 

j=l 


n-l 




T IJ '"T, 

n-l j^l J' 


n 1 2 n I n— 1 -i 2 n — 1 -< 

n-l j==2 J j=2 j=l ^ J=1 J 
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After some simplification, it reduces to 
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on using equation (5.4.4). Further 

h"(cc) = g"(ct)f(a) + 2g"(a)f' (a) + g(a)f"(a). 

Therefore, on using equation (5.4.4), we get 

h"(l) = n^g"(l) + 2 . 4n(- ^) g(l) + 8g(l) 

= n^g" (1) - 24g(l) . 

Differentiating g' (a) with respect to a once and putting a = 1, 
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To complete the proof, we have to show that h"(l) > 0 for n > 3 . 
Clearly, the first three terms and the last term are non- 
negative. We next show that 4 th and 5 th terms are also positive. 
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This shows that h(oc) has a minimu.m at a = 1. Conssquantly 
2 1 

^2 ~ hTaT ^2 ^ local maximum at a = 1, since > 0. 

In Table 5.4.1, we have given values of for 

n = 3(1)20 and a = .2, .5, l., 2., 5. These table values and 
some other calculations show that there may be a global maximuxn 
at a = 1. This is analogous to the conclusion drawn by Gross 
et al . (1986) for the case of one outlier. 


5.5 Maximum likelihood estimation 

Using equation (5.1.1) and denoting the likelihood 
function of the sample by L(a,a) and taking logarithm, we get 


log L(0,a) = 21og a-n logo -log n(n-l) - — + 
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log E e ^ . (5.5.1) 
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Differentiating it with respect to a and o, we get the ml 
equations as 
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On simplification, these become 
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(5.5.4) 


(5.5.5) 


Solving equations (5.5.4) and (5.5.5), we get the 
maximum likelihood estimates of o and a. But similar to the 
case of one outlier discussed in Section 4.2, it is not easy 
to solve these equations simultaneously. We may again use 
iterative procedure for solving above equations. On substitu- 
ting the value of a from equation (5.5.4) into equation (5.5.5) , 
we get 
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It can be seen that in this case also (o, a) = (5, l) 
is one solution of these equations. Whether or not there are 
other roots, will depend on the observed values of x 's. 
Similar to Lemma 4.2.1, we now have the following lemma. 
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We next prove the following result; 
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Now if Xj^ < (2n-l)x^, then h'(x) is positive, i.e., h (a ) 
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an increasing function of o at x and if y. > (2n-l)x^, 't 
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h'(x) is negative, i.e., h(cf) is a decreasing function of o 
X. This completes the proof of Results (i) and (ii) . This 
result is also analogous to the one outlier case obtained in 
Section 4.2. 
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(n-l)x^ i-1 ^ ^ -2 


x^(n-l) 


[ 2 (3n-2) (n-l)x^ - 2 (n-2) E x^ - 2n^x^] 


i=l 


= - - j— — • [ (2n-l)x^ - E xj] . 
x' -Cn-l) i=l ^ 

^ 2 

Clearly JhJ is positive if E x^ < (2n-l)x^. 


Next 


n 


H 


5 + [ (n-2) S x^, + n^x^] 


11 


• n(n-l)x 


2 '. "i ■ i ' 

1=1 


< - 6 + 


n (n-l)x^ 


^ [ (n-2) (2n-l)x2 + n^x^] 



i,e., IS negative. Hence II is a negative definite matrix, 

which shoves that the likelihood function attains a local maximum 

at Cx, l) . 


n 


2 o 

In case (ii) when E x. > (2n-l)x'^, the likelihood 

i=l ^ 


function has a local minimum at (x, l) along the plane given at 
equation (5.5.4). This can be proved as follows: 

Substituting the value of a from equation (5.5.4) into 
equation (5.5.1), we have log of likelihood function condition- 
ally under the conditions (5.5.4) as 


log L(0, 


■) 


nx 


(n-2) 


n 


= bj^(h) = 21og — — 


- n log ® - log n(n-l) - 


i=l 


- (n-2) 


i=l 


log V, e 

i/j 


n X . 

(x,+x j[l-2/( T, ~ - (n-2)]/c 

^ J i=:l 


nx 


Writing ~ (n-2) as g(o) , we have 





L,ec'jnd derivative of L^(a) is given by 


L ta) = - 2a;i^ ^ n J 2n| _ 
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2 “1 


g^io) 


gioT ' 2 3 

0 c. 


X . +x . 


[ 7’ { (—i-! — 1 ) ( j.g ,'„ ^ ) ( I _i — )] 

i ;^i " g^o) o2 g(o .)^^ 


-(■ 


X . +x . 9 
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2 


(x.fx.d- —f — )/0 2 

[ E e ^ J 9‘°^ ] 


X 2 
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2 


T. e 


_ (::i^)(i- 

q^(0) O — — — 


X . -I'X 


{— — ( 1 - 


T. e 


g (o) 


X . -i-x 


7, (x.+xJe 

i/j J 


(1- 


g(b) 


^ ^ j_ 1 _ 1 q ' io l 


2 -2(a) 


a 9 


^ 2 a2 (a)q" (o)-q' (o) 2q(o)g' (o.) . 2 

■^Tt 4 ,n 3 

Q Co J CL_ 


+ ^U- g(o)^ ^ 


X .+>t . ,, 




It is easy to see that g(x) - 2, g' (x) — - _r g 
hence 


2n 


X 


-2' 

X 


and 


9 o 


2 Ll(o) 


X . +x'. ^ 

(_i_l) lE) 


2n^ 1 , 


; jq d . 

2h 1 ^ iLi- -”2ni ^ — i£j i— ^ 


-2 4 

X 


1- 



1 ) 



r. i- 


i . -l-x 
1 


{_ } 

4x 


r, 1 

i/j 

8n 4n^ 

i- h 2‘- i> i ^ i/ > ^ I --1 

L7= J X_ X X X X , 

SI 


= 2n . „ 2„ 2 


n ^n ^ ^n n / 1^ i 

2x'^ x^ x*^ x^ 4x H 1 


^ S (x +x.) 

n; i£i ^ ^ 

I X * ^ 1 

i/^j 


t in + 2n - n^ + n}(x,+x .) 

i£i l-i. 

ax^ T, 1 


On simplification, it reduces to 


2— T, (o ) 

2 1 


O' 2 

Jlf 2rr . n_ _ 2n _ _n_ __1. — _[ s 

Ix^ x^ x^ x^ 4x^ n^(n-l)^ i^^j 


[ T. Cx .+x .) ] + 


1 3 


. . • 9 ^ (x.+X ) 2 

-Si, -r-rv s U.+xJ +iiJ— — (■S--:;r 3 >- (s.s.a) 

4 “4 n(n— l) i J X 1 x 2x 

i/^j 



But as shown earlier 





L. (o) 


do 


2 1 


_ n 

- -2 

X 2x ' 


2n 

-2 

X 


n 


X^ 4x^(n-l)‘- 


4n^x^ (n-1) ^ -j- 


n 


4 (n-l)x^ 


n 


[2(n-2) S x^+2n^x^] + 2nx_U^ 2n 
■’• n(n-l) -3 

X 


i=l 


n 


- i3.^n-2) (2n- l) , n(n~2) “ 2 

— ^ ^ X . 

2x (n-1) i=l ^ 


2(n-l)x 


-2 


n 


X 


n 


— i E X? - (2n-l)x2} , 
2(n-l)x'^ i-1 ^ 


n 


which is positive for E x^ > (2n-l)x^. Hence the likelihood 

i=l 1 

function has a local minimum at (x, 1) along the plane given at 
equation (5.5.4). 


5.6 Coitiparison of various estimators 

We nov/ compare some of the more efficient estimators 
which have been studied in Chapter 4. We have calculated the 
exact rnse of various estimators and the simulated bias and mse 
for the case of tv/o outliers. The exact calculations are done 
by using the expressions given at equations (4.3.4), (5.3.4), 

(5.3.6) and (5.3.8) used in tabulating the moments of order 
statistics in Tables 5.3.1 and 5.3.2. It is easy to show that 


r.' /• 1 


.1 

'n 


mse(U^) 


n 


1 

n 

E 

X, ) 

— J: 

E E (X 

i=l 

i 

^ n 

i=l 

n ' 


1 

n 

E 

i=l 

Xi) 

JL 

2 

n 

v( s : 
i=l 

(n 



V r 1 

- 2 


) + I- 
^ • 





(i) 




n 


a. 


a 


and 



(n-l-1) 


■n-fl 2 _ ij . 


The exact values of rnse ' 


"•se’s of Uj, u^, U 3 , u^, u,, Ug, 


''lO' '^ 11 ' “ 12 - have been calculated. These are tabulated 


for relatively efficient estimators, viz., u^, u^, U 3 , , Ug, 

and U 33 in Table 5.6.1 for n = 10 , 20 and a = .05, .10(. 10)1.0 
5.0, 10.0. Table 5.6.1 for mse reveals several Important 


features: (1) Estimators lihe 0 ^, U 3 , u,, which per- 

formed well In the one outlier case continue to perform well in 


the two outlier case as well. (ii) For very small values of a 
(<0.30); now Ug which excludes two largest observations and 
Uj 3 which excludes two largest and two smallest order statistics 
and, are more suited for this case, do perform better. However, 


even now is not far behind. Thus for. example, for n = 10 


and a = .2, the efficiency of relative to Ug and is 
.6001 and .7880 respectively. The relative efficiency values 


for n — 10 and ct ,3 are .9600 and 1.0323 respectively. 


Similar results hold for n = 20 also. 


based on some additional calculations for n = 10 , we* 


find that is best for 0.35 < a < 0.55, while is best for 


0.60 < a < 0.85. Thereafter is best for 0.90 < a < 1.32 


and is best for oc _> 1.33. Similar conclusions are valid for 


n = 20 with minor changes in the range of a values. These are 


identical to the conclusions drawn in the one outlier case. 


We therefore concentraf® pn U 


M U 3 / U 4 / U- and study 


their perf 



inle and other estimators by 


mse's of these 






' 'i ( 1 ) / T ( 2 } and T ( 3 ) 
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airs givsn. in TaiDls 5 •6.2 and. Tabls 5.6,3 for n = 10 and n == 20 
using 1000 itsrations and 500 iterations x'espectively . If can 
be seen that simulated values agree with the exact values to a 
considerable extent for estimators for which exact values are' 
available. These values show that the estimators which are 
preferable in one outlier case continue to perform well in 
two outlier case also. Here mle and mmle also perform better 
from the biases and mse's point of view for large values of n. 
Note that continues to be quite good from mse's and biases 
consideration for small values of a (<0.5 ) . 

Thus, if one suspects that there are two outliers with 
smaller a values, then one may decide to use U^. For large 
suspected a values, one may use any one of U^, U^, or mmle. 

As seen in Sections 4.6 and 4.7, for one outlier case, one may 
use U^, or T(3) . The simulation study show that now T(3) 

is not that good compared to for small a values. Thus for 

a = 0.5, the simulated value of the efficiency of T(3) rela- 
tive to U. is 0.7281 for 'n = 10 and 0.8603 for n = 20. Simi- 
4* ■ 

larly the exact values of mse show that is better than 
for a <,0.5. For larger a values, is better than U^. 

Keeping everything in mind our final recommendation goes for 
using U; as an estimator of o, since it is quite robust in the 
presence of upto two outliers with larger mean. 
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TABLE 5. 

. 4 . 1 ; Corj 

.elation coefficient betv/een X,.,, and X/ x 

(1) (n) 

N. a 


1 



" ' ■' 


0.20 

0.50 

1.00 

2 . 00 

5.00 

3 

0.1288 

0.2308 

0.285 7 

0.2152 

0.0944 

4 

0.0756 

0.15 76 

0.2095 

0.1576 

0.0756 

5 

0.0536 

0.1206 

0.1653 

0.1274 

0.0663 

6 

0 . 04 1 7 

0.0981 

0.1365 

0.1078 

0.0600 

7 

0.0341 

0.0829 

0.1162 

0.0939 

0.0552 

8 

0.0289 

0.0719 

0.1011 

0.0833 

0.0512 

9 

0.0251 

0.0637 

0.0895 

0.0750 

0.04 79 

10 

0.0221 

0.0572 

0.0803 

. 0.0682 

0. 0450 

11 

0.0199 

0.0519 

0.0728 

0.0626 

0.0424 

12 

0.0180 

0 . 04 76 

0.0666 

0.0578 

0.0402 

13 

0.0165 

0.0440 

0.0614 

0.0538 

0.0382 

14 

0.0152 

0.04 09 

0.0569 

0.0503 ■ 

0.0363 

15 

0.0141 

0.0382 

0.0530 , 

0.0472 

0.0347 

16 

0.0131 

0.0359 

0.0497 

" 0.0445 

0.0332 

17 

0.0123 

0.0338 

0.0467 

0.0420 

0.0318 

18 

0.0116 

0.0320 V 

0.0441 

0.0399 

0.0306 

19 

0.0109 

0.0304 

0.0417 

0.0379 

0.0294 

20 

0.0104 

0.0289 

0.0396 

0.0361 

0.0283 
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TABLL 5.0.1: 


Ihe exact mean square errors of various estima- 
tors 


Estimator 

^1 

1 

^2 

^3 


^8 

^11 

'^13 

n 








10 .05 

22.5200 

17.9918 

14.4 73 7 

2.3323 

.1183 

3.2056 

. 2277 

. 10 

5.3200 

4.1074 

3.24 74 

.6 018 

.115 9 

.8773 

. 195 1 

.20 

1.2200 

.884 3 

.6809 

.1968 

.1181 

.2918 

.1551 

.30 

.5200 

.3609 

.2771 

.1299 

.124 7 

.1791 

.1341 

.4 0 

.2950 

.2025 

.1601 

.1104 

.1330 

.1380 . 

.1232 

.50 

.2000 

.14 05 

.1172 

.1045 

.1413 

.1189 

.1179 

.60 

.1533 

.1129 

.1001 

. 1038 

.15 06 

.1093 

. 1160 

.70 

.1282 

.1000 

.0935 

. 105 7 

.1590 

.1045 

.1161 

.80 

.1138 

.0940 

.0917 

.1087 

.1671 

.1025 

.1175 

.90 

.1052 

■ .0915 

.0922 

. 1123 

.1748 

.1022 

.1198 

1.0 

.1000 

.0909 

.0937 

. 1162 

.1820 

.1028 

.1225 

2.0 

.0950 

.1033 

.1143 

.14 94 

.2339 

.1219 

. 1530 

5.0 

.1064 

.1226 

.1383 

.1874 

.2910 

.1524 

.1968 

10.0 

.1126 

.1311 

.1486 

.2035 

.3156 

. 1658 

.2150 


20 .05 

5.6550 

4.9592 

4 .4124 

- .5508 

.0544 

.6684 

.0719 

.10 

1.3550 

1.1497 

1.0071 

.1623 

.0547 

.205 7 

.065 3 

.20 

.3300 

.2653 

.2278 

.0711 

.05 76 

. 0879 

. 05 82 

.30 

.1550 

.1217 

.1049 

.056 3 

.0617 

.0648 

.055 6 

.40 

.0988 

.0782 

.0692 

. 0525 

.0661 

.0565 

.0551 

.50 

. 075 0 

.0612 

.0560 

. 0519 

.0704 

. 05 29 

.055 7 

.60 

.0633 

.0537 

.0507 

.0526 

.0745 

.05 14 

■ . 0569 

.70 

.05 70 

.05 01 

.04 85 

.0539 

.0784 

.0511 

.05 84 

. 80 

■ .0534 

. 0485 

.0479 

.0554 

.0819 

.0513 

, 06 01 

. .90 

.0513 

.04 78 

.04 79 

.05 70 

.085 2 

.0518 

.0618 

1.0 

.05 00 

. 04 76 ' 

. 0483 

.0586 

.0883 

.0525 

.0635 

2.0 

.0488 

■ .0510 

.0540 

.070 3 

.1079 

.0602 

.0764 

5 . 0 

.0516 

.05 6 3 

.0606 

.0816 

.1257 

.0692 

. 0899 

10.0 

.0532 

.0586 

.0634 

.0861 

. 1325 

.0729 

.0950 
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TABLE 5.6.2: 


bimulated values of bias of various estimators 
based on 1000 iterations for n = lo and 500 
iterations' for n = 20 when there are tv;o outliers 



^1 

3.8392 

1.7978 

.8223 

.2216 

.0139 

-.0892 

-.1504 

-.1862 

^2 

3.3993 

1.5435 

.6567 

.1106 

-.0783 

-.1720 

-.2276 

-.2602 

^3 

3.0321 

1.3490 

.5451 

.04 67 

-.1287 

-.2185 

-.2740 

- .3065 

^4 

1.0304 

.4155 

.1453 

-.0733 

-.1997 

-.2917 

-.3608 

-.4014 


1 .3741 

.6698 

.3510 

.04 89 

-.1072 

-.2025 

-.2667 

-.3056 

^11 

1 . 2683 

.5778 

.2735 

.02 79 

-.1126 

-.2143 

-.2878 

-.3311 

mle 

1.6142 

.8090 

.4775 

.1827 

.0066 

-.1011 

-.1616 

-.1878 

mmle 

2.8287 

1.4161 

.7111 

.2157 

.0199 

-.0876 

-.1586 

-.2000 

T(l) 

1.4665 

.7027 

.3685 

.0790 

-.0838 

-.1819 

-.2357 

-'.2601 

T(2) 

1.3943 

.6078 

.2799 

.0274 

-.1205 

-.2158 

-.2838 

-.3224 

T(3) 

1.3961 

.6112 

.2851 

.0469 

-.0982 

-.1980 

-.2693 

-i3108 


n = 20 



1.9898 

.9208 

.3877 

.1172 

.0075 

-.1622 -.0687 

-.0856 

^2 

1.8474 

.8294 

.3217 

.0640 

-.04 05 

-.1069 -.1131 

-.1292 

U3 

1.7336 

. 7654 

.2811 

.0353 

- . 065 7 

-.1307 -.1376 

-.1535 

U4 

.4987 

.2068 

.0457 

-.1552 

-.1291 

-.1975 -.2080 

-.2199 


.5434 ' 

.3019 

.1500 

.0349 

-.0549 

-.1253 -.1332 

-.1432 

^ 1 

.5 791 

.2708 

. 1008 

-.0060 

-.0034 

-.1554 -.1659 

-.1780 

mle 

.5835 ■ 

.3105 

.1828 

. 095 8 

. 0016 

-.0695 -.0784 

-.0828 

mml e 

1.5169 

.7612 

.34 71 

.1144 

.0089 

-.0625 -.0711 

-.0878 

T(l) / 

.5 341 

.2746 

. 1389 

.0452 

-.0560 

-.1133 -.1209 

-.1263 

T(2) 

.6293 

.2937 

.1206 

.0228 

-.0617 

-.1342 -.1439 

-.. 1517 

T(3) 

.626 0 

.2892 

.1261 

.0331 

-.1466 

-.1242 -.1330 

-.1434 


TAIiLi^ 13.0.3: 


Oiinuicited values ol liise of various estimator btised 
on 1000 iterations for n = 10 and 500 iterations 
for n = 20 when there are two outliers 


\. a 

.05 

.1 

.2 

.5 

1 . 

2 . 

5 . 

10 . 

Est \ 

i 

1 




it. 




n = 10 


’^1 

22.8915 

5.3565 

1.2388 

.2176 

.09 76 

.0954 

.1009 

.1144 

''2 

18.2923 

4. 1380 

.8961 

.1515 

.0867 

.1019 

,1165 

.1336 

U 3 

14.7237 

3.2689 

.6887 

.1243 

.0886 

.1119 

.1318 

. 1514 


2.1963 

.5052 

.2009 

.0999 

. 1108 

.1439 

.1806 

.2 091 


5.9626 

1.4303 

.4471 

.1283 

.0924 

.1132 

.1366 

.15 79 

-11 

3.4200 

. 8527 

.2994 

.1168 

.0999 

.1184 

.145 8 

.16 99 

rnle 

7.3367 

2.0070 

.7141 

.2093 

. 1104 

. 1109 

.1266 

.14 07 

iTunle 

12.1307 

3.2081 

.9 266 

.2061 

. 1001 

. 095 2 

.1016 

.115 7 

T(l) 

6.0181 

1.5 76 2 

.5226 

,1502 

.0975 

.1157 

.1367 

.1520 

T(2) 

5.3881 

1.2542 

.3 773 

.1304 

. 0995 

.1212 

.1491 

.1710 

T(3) 

5.4180 

1.2803 

.3797 

.1372 

.1053 

.1215 

.1457 

.1701 

n = 20 


6.3323 

1.4775 

.3197 

.0819 

.05 79 

.0496 

.0492 

.05 29 

U 

5.5653 

1.2589 

.25 70 

.066 0 

.054 1 

.0529 

.0531 

.05 80 

-3 

4 .95 70 

1.1058 

.2206 

.0596 

. 054 0 

.0563 

.0571 

.0626 


.6358' 

.1640 

.0665 

.0508 

.0620 

. 074 7 

.0 795 

.0849 

-9 

1.2620 

.3120 

.1151 

.0591 

. 0563 , 

.05 75 

.0591 

. 0622 

-11 

rale 

.7666 

.2080 

.0816 

.05 29 . 

.05 72 

.0636 

.0677 

.0723 

.7736 

.2584 

.1391 

.0784 

. 0616 

. 054 2 

. 06 01 

.05 82 

ramie 

3.5323 

.9513 

.2562 

.0796 

.0581 

.04 96 

.04 96 

.0534 

T(l) 

.7004 

.2244 

.1139 

.064 3 

.05 77 

.0575 

.0633 

.0622 

T ( 2 ) 

1.14 74 

.2959 

,1028 

.0591 

.0578 

.0608 

.0634 

.065 7 

T(3) 

1.1360 

.2744 

.1045 

.0616 

.05 83, 

.0602 

.0631 

.0657 



6,1 Introduction 

In Chapter 2 , we have considered the truncated exponen- 
tial distribution. Suppose we have n independent observations 

from the right truncated exponential distribution with 
density f(x;Cf). There are two cases depending on the type of 
truncation. These are - 

(i) Proportion of truncation (l-P) on the right is fixed and 
known. The pdf of X with = -log(l-P) is 




Otherwise . 


( 6 . 1 . 1 ) 


(ii) Truncation point x^ on the right is fixed and known. The 


pdf f(x;o) is now given by 


, o Cl-e ° ) 


otherwise . 


the pdf in both the cases looks similar, yet 
these two cases have to be considered separately as they give 
rise to different problems. Similar problems for the two types 

of truncation for normal- diatrlbutlon are discussed in Schneider 


on along with examples are 


CHAPTER 


ESTIMATION PROBLEMS FOR 


TRUNCATED EXPONENTIAL DISTRIBETTIO 




1 7 ;i 




(X^) , . ) 


n 

in)I ; 1=1 

o-'p" 


otherv;ise 


(6.1.3) 


in case (i) and 




n 


- )/0 

(n) i i«l 

-X /o n ® 

o^d-e ° ) 


0 


0 < X(J) < 


otherwise 


•. < X/ ^ < X 

— (n) — o 


(6.1.4) 


in case (ii) . 



Saleh et al . (1975) gave exact first and 


ion 6 .5 
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contains one outlier. In the last section, wo consider the 
estimation of o in the presence of a single outlier with some 
Other results for case (ii) . 


^ Joint distribution of ( SX ^ , X ^ ) when the 

truncation on right is known 


proportion of 


In this section, the joint distribution of 
n 



) 



where S = is obtained. This is needed for finding the 

distribution of mle of a. The distribution of s for case (ii) 


has been evaluated by Bain and Weeks (1964). Here we follow 


a similar technique and take o = 1 without any loss of genera- 


From the definition of conditional pdf, vje have 



This is 


moment generating function of ^ given x 
given by 


(n) ^(n)* 


ts 


KCt)=E(e 

n-1 


X 


■(n) ^(3) ^(2) ” i-i^(j) 

/ ... / / -S — hi 


(n-1) : 


o o 


-X,_, n -1 "IXd, .. 


(1-e 

n-1 


-1) I :^(1) ^(2) 


u 


. dX( 2 ) •••■'^(n- 1 ) 


n-1 


(n- 1 ); ^(3) - f, -(J)<l-t) 

: ^, . n-1 f ... / e 3 e ‘3) 


-X/ X n-1 
(1-e ° o 


Let 1-e 
Thus 


X(2, (1-t) 


• ‘~Ti-t) >'^(2) ••■ ‘^='(n-l) • ' 

—X'/ _\(l — t) 

= y, which gives (l-t)e ( 1 x^ 2 ) = 


n-1 


M(t) 


(n-1) ‘ 


^(n) ^(4) - jJ, X(j,ll-t) 


V' :■€ 


-X/ V h-1 

(1-e <•>)) o o 


^_-X(3)(l-t) 


/ 

o 


(1-t) 


2 ^(3) ^(n-1) 


n-1 

X, ^ X, - T. X , (1-t) 


(n-1)' ' ■ i=3 "‘j) 

- ( . P-l -L! ^ I . e 3 3 


■•I'.t-X/ \ n-r' 


(i-t)2(V-:r<"h^;::^:° :-^ A'' .° 

rs.' . ., ■.v.'iJ!'. ; M’tt .-.I 


ing in th-is manner 
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M(t) = [ 


n-l 


(1-t) (l-e ) ■ 


■] 


It can also be obtained by using the identity 


(n) (n-l) ^(2) -S 

1 1 . . . / e ^ dx / . dx ^ . t 

o o o 


-Xf n-l 
(l-e '"t 


(n-l) I 


and noting that 

M(t) ® "■ 


X, 


(n-i)i ''<2> 

o'"’ 


(l-e 


•• /^^(n-l) ‘ 


The characteristic function of ^ given X 


(n) ^ (n) 


IS 


E(e 


its 


n-l 


X 


(n) 


-x,^, (l-it) 

-(n)> = 1;; — > 


n-l 


(l-it) (l-e 


which is analogous to the characteristic function of S obtained 
by Bain and Weeks (1964) for f(x;d) given at equation (6.1*2) 
with n-l replaced by n and x^^^ by x^. On using the inver- 
sion formula., we get the distribution function of ~ 

Prom this the density function of ~ ^(n) 

given by 

= X /_ V ) 




(n) 


"-tS 




h^l 








:HqX(^) < .3^-1 <. <^o‘*'^^^(n) " 0, 1,2, . .;(n-2) 


0 




oth'erwise 




Now making the transformation S = we have the 

conditional ^f of S given = x(jj) aa ■ ; 


V*' ^ f. 




-X, ^ n-1 ^ k ^ 


(n-2) i )“ " 

(k^+l)x^^j < s < (k^+2)x^^j v/here k^= 0, 1, 2, . . , (n-2) 
otherwise 

(6.2.3) 

Using equations (6.2.2) and (6.2.3), it gives the joint distri- 


bution of S and X / ^ as 

(n; 


f(s,X(n)) = 


ne^ 


(n-2) IP k=o 


° V n 1 “-2 

- (-1) ( -6 (s-(l^+l)X(^j) 




where k = 0,1,2,.., n-2 and 0 < X/ v < P 
o • > • • _ (n) — o 


0 


otherwise . 


(6.2.4) 

The marginal pdf of S can be obtained from equation (6.2.4) as 
follows : 

The joint pdf of (S,X^^^) is non-negative in the region 
shown in Figure 6.2.1 i 


A^(n) 


X 


(nj 


(n) 2 X 


>^0 ^(n)=Tk^ 


s 



For k P < s < (k +l)p 
o O o o 



n-1 o 

(s-(j+l)P^) ] + S 

j=o 


)(s-(j+l)P ) 






iTn) 

[ s (-l)J 
j=o 

(j) (s-jp^)n-l _ 

n-1 

s 

' n-i 
n 

(-l)"-2 

. 1 (-1)^ 

q) 4- 

(-1)2 (H, jn-l 

• • • ”i" 


. (n-l)"^- 

^ + (-1)"^ 

(") .-1, . 




On using an identity (Feller m-. 

1972, p. 65), it gives 


f (s) 


-s 

e 


HTTp" jJo 

o 5 s < ^^Q+l)p^ vrhere = 0, 1, 2, . . , (n-1) 

otherwise 


k P 
o ■ 


(6.2.5) 

which is same as the pdf obtainf=>a u n • " ^ r, ‘ 

'-axneci by Bain and V^eeks (1964). 


The joint density of x - ^ ^ ^ 

~ ~ and can be immediately 


obtained as 


f (x,x^^j ) 


o 


^ 2 gnx ^2 

(n- 2 ) Ip" k^o ("'7 (n;-()n-l)X(^j) 


(kotl)X(n) < nx < (X + 2 ) 


o ■ ^ (n) 


where k^ - 0, 1, 2, . . ^ n-2, and 0 _< <. P^ 


otherwise . 


We next deriv|^ the disjn:^ of U = S/X 


( 6 . 2 . 6 ) 

Let 


.. Mfi:} “'"(n)' 

U = S/X, \,and V.- X^v*. transformation is 
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Usiny equation (6 . 2.4) , we get t 


yet tlie joint distribution of 


U and 


ne V 


n, ^ (uv- (k+1) v)^~ 

(n-2) ! V=n 


P“(n-2)I k 


f (u,v) = (k +1) < u < (k +2) 


xvhere k^ = 0,1,.., (n-2) and 
0 < V < P 


L 0 othen.'/ise . 

Integrating it with respect to v in various ranges, we get the 
marginal pdf of U. Thus for 1 _< u < 2, we have 

p 

o -uv , . s n-2 n-2 

f(u) = / -S-S 2!±J=1) zLz av 

o (n-2);p" 

On substituting uv = t and u dv = dt, it gives 


f (u) 


r, O 

_ nCu-l)”-^ 1 ° -t ,n-l 

a — — j , 0 . ^ 




— V-. JU , 

e t dt . 


This is in terras of an incoraplete gamraa function. Using equa- 
tion (1.2.2), it reduces to 


f (u) *= 


1 w„ ^^“2 n-1 -uP^ (uP )^ 

n V n-* 1 M u- 1 / r 1 xn _ o o i r- _ ^ 

— Ll - e ' ' (i-vi J for 1 < u < 2. 

P^"^ k=o U./. 


Other integrals are also evaluated in this manner. Finally 
the pdf of U is obtained as 


n(n-l) ° (-I) {u-(k-I-I) } e °(uP^)^-i 

n , ^ . n. . ~~TTTnr 

■ (i-e °) :’'=° ’ .2 ' “ ■ 

; , . - j' .w-^r . • 

xmi - U g--’kJm-.:::.:kfHepe- k = 1,2,..., n-1 









Equation (6.2.7) can be uaed to obtain the dlatrlbution ot ^ 
for this truncated case. Here we obtain It only for the 
untruncated exponential distribution by setting =«. The 
pdf of W = = -|al becomes 

V ■ 

kio (-1) (l-(k+l)w)"-2 


f (w) 


0 


1 1 

< ^ < Where }c = 

otherwise . 


( 6 . 2 . 8 ) 


By Using direct integration, we get 


P[w>w^] = 


if w_^ < 1/n 
o 


n(l-w^)"“^-(5) (l-2w^)^“^+(^) (l-3w„)’^-^+.... 


(-1) "^"^ ("Xl-iw 
1 o 


‘3' •- - O' 

otherwise , 


where the series continues as long as (l-iw^) > 0. This 
agrees with the result given in David (1981, p. 100), where 
alternative methods are given to derive it. 


6.3 Maximum lik®i4ho#d #»t:iiiation 

Using equation,. (6 . 1.3) , we obtain the likelihood func- 
tion L (a) = L (CJ jx- , ; . , ,x . ) as . . , 



L{0) 



X , 

a > ^ V i 
o 

otherwise 




This form immediately gives that is sufficient for o 

Since the range depends on the parameter a, hence we study th 

X/ \ 

behaviour of L(a) for o > . There are two possibilities: 

o 

(a) L(a) has a maximum atx. ^/P_. This, is illustrated in 


Figure 6.3.1. Showing L(o) plotted against o for case (a) 


i.;^ ,pgint. greater than x 


It, .is 








This implies that if x < 


L(a) is a decreasing function 


^ (n) V ^ ■ 'Y 

of 0 in V— p , 00} with maximum attained at This is the 

o X 

situation shown in Figure 6.3.1. If x > “4^, then L(o) is an 
increasing function of o in (— p — , x) and a decreasing function 
of o in (x, 00 ) with maximum attained at x, since we have 
L'(x) = 0 and 


log L (o ) 


-2 -2 

X X 


< 0 . 

This is illustrated in Figure 6.3.2. 

Combining these two cases, we get the mle of o as Z 

where 



Z s= max (x 


Even though the marginal distributions of and nx have 

been obtained in equations (6.2.2) and (6.2.5) respectively, 
yet the distribution of Z is .extremely complicated. This can 
be derived from the joint 'distribution of given in 

eauation (6.2.6). In the next section we obtain this distri- 


bution for some small values of n 


6.4 Exact dlstrlhutibn of mle for small values of n 


Then the mle Z = max 


Y *s 


X 


n 

X X, 


(n) (n) 1°1 


n 


n 


n-l 
X X. 
1=1 ^ 
n 


< X . 


Hence in this case, Z = raax(X,Y) = x. Since P is known, hence 
the distribution of mle can be obtained from equation (6.2.2) 
if < 1 or from equation (6.2.5) if P^ > n. In particular 
for n = 1, the distribution of z is known. For n > 2 , we 

consider only the cases for which 1 < P < n. Now equation 

-o- 

(6.2.6) gives the pdf of X and Y as 

e-™ , 

2 £ (-l)^(^r^) (nx-(k+l)P v) 

(n-2)ip’^ k=o ^ ° 


f (x,y) 


0 


where k^ = 1,2,.., (n-l) and 0 < y < 1 
otherwise . 


(6.4.1) 

Equation (6.4.1) is used to derive the pdf of Z for n = 2 and 3. 

Case l i n *= 2. In this case, we only consider 1 < < 2. 

Equation (6*4.1) gives the pdf of (X,y) as 
:2x ■ ‘ 

yP < 2x < 2P y and 0 < y < 1 

; ■ J Q O' , ■ 


f(x,y) “ 


4P i' 
o 


P^ 

0 


otherwise . 


The* region of this density is shown in Figure 6.4.1. 

we first evaluate Fg<z>, the cdf of Z. This has to be 




Figure 6,4,1 


Showing the region for positive density of' X 
and Y for n = 2, 





, T 'f-t 


Hence the pdf of z is given by 


Prom the pdf of z given above/ we 


These are given by 


From these expressions, the bias 


For this case, 


now 


ana 



are corresponding to 


value 


lor 1 £ I’q < 3/2, the region of positive density of X and 
shown in Figure 6.4.2. In this case for 0 < z < i. 


Showing the region for positive density of 
X and Y for n = 3 . 


(z) = Pr[ (X,Y) 6 Region GONE] Pr[(X,Y) £ Region FNIiF] 
2P y , p ' 

= / /^ f,(x,y)dx dy + / / fo(x,y) dx dy 

o P y ^ o 2P V 





e 


o 


12 P. 


I e ^ 


P 


1 \ / 1 ^ - 3z 


(1- — ) - (z + -r) 2 ( 1- 

o 


9P 


. - 3 P ^2 . 

^ (e ° - e^^) 3] 


o 


9 P 


-P z -2P z 

■• 1 e ° e . -3zj 2 vt _1_ fi 

p3 Lgp^ - 3P^ 3P^ + e U (1- 2p^ - ^ 


’) + 


/ i. 1 \ X ■% "I 

^ ^*3 " 3P " * 


9 P 

o o 


Similarly, for 1 _< z < P^, 


P y 


1 o- _ 

P„(z) = 1 - / / f„(x,y)dx dy = 1 -Pr[ (X,y) £ Region HLDH] 

2 z/P„ z 2 


9 P 


= 1 


[- 


-.3P p 2 

e - ° + e^^(— + -2 _ z - - + + - 2 -) 1 

9P ^ -9? 2 3 2P^ 

o o o o 


r__pf e ° g 3 z^_X .f. fo _ 2 - - + + -^)] . 

Lg^ + gp ® ^ 9 P 2 -3 + on -jd- J • 


„3 '- 9 P 9 P^ 

p o o 


‘ 9 P 


2 P 


3 P' 


Thus the pdf of Z, E(Z) and E(Z^) are given by 
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Cii) For *2 < < 3, the region of positive density of X and 

Y is shown in Figure 6.4.3. Now for 0 < z <1, 


Figure 6.4,3.', Shewing the region of a positive density of 




OD “2? 2 

1 o o » o -2P 2 - 

o r / 1 e e . s c> ° ^ u f—l— 

o3 *-^12? “ 3P 4P 6 ® ^ '*■ ^36P “ 

P o o o o 

-.3 -2P 2 

— I { 2 ^ 4.^)1 _ {ze^^(z 4 -— - — ~ - ^ ' ' - - ■ — 

8P ' 3 ^ 9^ ^ ‘ ^ 3 2P 2P ^ 6F 

o ■ o 0 0 


™32 O ry""2P~^ rj 

fp 1- " <1 -;;2> - 45 - " 

o 4P o 

o 

. -2P 2 -32 

1 o e ,1 

12P^ ® “ 12P^^-‘‘ 

o o ■ 


similarly for 1 < z < ~j“ # 

P„(z) «= / ■ / £-(x,y)d5c dy + / / f (x,Y)dy dx - 

Z ,, i Q x/P 


o P^y/3 


2V3 1 

/ / f.(x,y)dydx 

z 3x/2P^ 


22 , 1 ^ 2 
-T— — T r^ *“ nt-. 


^ 1 e - JZ / Q , J: ^ 

J ^ ^ ^ 6 ■ 3Po 3 ■ ' 9P 





190 



E(2) 


e • 1 

'3P ^ ^ ~ 

o o 


) + e 


1 — + 2 ) 

'3P ^ 9^ 

o 


E(Z^) 




(1 ^f) .e3(l^-|,] , 

o 

-P 

(-2- + 16 . ifs . _8_) , ^(1 + 1- 

81 .81, 21Pj 

3P_ o o o 

" ■ ■ ■ 

. ■ :■■■:*■ -,.3P. ■ ; : 

^ 4 

(4P^ + 12 + - — ‘l-o + 2+3^) 





In this manner, the distribution of Z can be obtained for 


6,5 Optimum 


191 


tnlu'n to be as *= (Hobson and Whitlock, 1964; David, 

o 

1981, 127), However, any estimator based on the largest 

observation alone is not likely to perform well if there are 
some outliers in the data. 

As seen earlier in section 6 . 3 , '(x,Xf s) is sufficient 

for d and the mle is 2 = maxCx, . We therefore look fox 

o _ 

some alternative estimators of o based on, X and X; ^ , such as 

In; 

aX + bX^^j. In this section, we first evaluate the coefficients 

a and b for tlie linear estimator T = aX + bx, \ , a > 0, b > 0, 

(n) i ' 

of 0 such that the mse (T) is minimum. Again wlog, we take 
0=1. Then 


mse(T) = E(T-l) 



Differentiating it with respect to a and b and equating to 


(6.5.4) 



trial 
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V h{X I ■.) - V L (x >■ ) 

(n)^ ^n;n “(n) ^ 


Lcx^) 




(6.5.5) 


Note that by Cauchy-Schwartz inequality, the denominator term 
is positive for n > 2. 


Equations (6.5.4) and (6.5.5) give the optimum weights 


a and b for the linear estimator T = aX + bX/ v . For 
various values of n and P, these can be easily calculated using 
the methods described by Saleh et al . (1975). Finally, the mse 
bf *^opt evaluated by using the formula 

mse(T^^^) = E ^(^ + bX^^^ - 1) + S bX (aX + bX^^^ - 1) - 

t(aX + bX. ^ - 1) 

(n) 


« a[,aE(X^) + bE(x X^^j] - y) + b[aE(XX^^^) + 

- ^n,ml - + 1 . 

Using equations (6.5.2) and (6.5.3), it reduces to 
mse(T^p^) = 1 - E(aX + bX^j^j) 




Next we evaluate a. and b- such that T ' = a,X + b,X, 

-i- ■>■ 11 1 (.n) ' 

> 0, > 0, has a minimum variance in the class of all 

linear estimators of X and which are unbiased for o, i. e. , 

E(a^X + =1 (6.5.7) 

and 


VCa^X 




Ela^X + bjX(^,) 


[E(a^X + b^X| 


( 6 . 5 . 8 ) 


is minimum. Eliminating a^^ from equation (6.5.8) with the help 
of equation (6,5.7), we get 


Q « vCa^^X + = E(' 


l-b.o^ 

rn:n 


X + 




This gives the minimizing equation for b^ as 


Q = 0, that is 
X X, s _X^ 


n:n . u cv 

+ b^(X^^j 


V 2 

X ) ] 


=■ 0 , 



which gives 


(6.5.9) 


(6.5.10) 
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s nunimum. i'urthei- 


and the minimum variance of T, is 


Thus, the efficiency of T 


I T- , by a factor ^ /-y — 

lopr 1-mse 

can be easily calculated from 


is more efficient than 


a and b 




( 6 . 5 . 12 ) 





n G 


ri-1 - n sn 




n -1 


i=l 




n 


2 E-|], 

i=l 


where G » P = -log(l-P) 

O O 


n 


1 ^ 

[Go - E ^] 
p" ° V=1 ^ 


for n > 0 


For n » 1, we immediately get 


E(X) ay 


1 Jl 


(1-P) 

y = 1 - G 

P o 


and 


E(X ) * ^ 


1 , 1*1 


2 - gT 2 - log (1-P)] . 


(6.5.13) 


This gives E(X) « v and ii ;. - 


E(x2) = 1 E(X^) + V^(l - -i) V' 
n B 


n 


n 


Note that E(X-X^gy) X(^^) = - _E^ 

This can be calculated either from' the moment expressions given 
bv Saleh et al. (197S'|5i‘0«r| simply .^by using the identity 

n-1 ’■■ ' ■ ' 4 

’^n-l,nsn 

.. ? ■ f ’ , ' ; • ; 

proved by Joshi ^and^aid^^^p.hh^:.^2.?32) . This gives 

^(n)^ “ ^n-l*n-i ^1:1 ” n \-l,n*n n ^n,n:n 

For calculation purposes ^n,n:n ^n-l,n:n first 

evaluated for n = 1,2,3,.:.. in this order and other quantities 
needed for a- and b are then evaluated. Some calculations for 
P = .8 and n. = 2(1)10 are given in Table. 6.5.1. - 



Ihe values of a, b, nise and . efficiency of 

■I'opt '■‘‘lopt 


n 

a 

b 

mse (T , ) 
Opt 

Efficiency of 

2 

.24438 

.78628 

.18978 

1.23424 

3 

.25410 

.73441 

.12339 

1.14076 

4 

.25293 

.70357 

.08015 

1.09667 

5 

.24758 

.68333 

.06680 

1.07158 

6 

.24058 

.66918 

.05272 

1.05565 

7 

.23302 

.65884 

, .04286, 

1.044 78 

8 

.22540 

.65102 

.03565 

1.03697 

9 

.21796 

.64495 

.03019 

1.03113 

10 

.21080 

.64015 

.02595 . 

1.02664 




The distribution of T is quite complicated. We have to 
start with the joint pdf of given at equation (6.2.6). 
Here we evaluate the distribution of T for, n = 2 and 3 only . 

1 . ir^r- r, = 9. the density of X and X, ^ given at equation 






0 (•^+b)p 

2 o 


( a+b ) P 


Figure 6.6.1. Showing the region oi positive density of 

T and W for n = 2. 


On integrating out we get the density of T as follows 


For 0 < t < (-| + b)P^ , 


t/(|+b) 

f„(t> = r — 5 s ® dw 

^ t/(a+b) aP 


aP= 2b ^/(a+b) 



4bt 


2b t 


2^ ^ r <3 ® ^ ) _a(a+b)-i 

2 L® - e J , 

bP"^ 


and for (-f + b)P^ < t < (a+b)p , 


'2 
P 

o 

f_(t) = / 


4 , 

— X e dw 


t/(a+b) aP' 


2t/a ^ 

[fb ® J 

aP t/(a+b) 

2b t 


„-2t/a 2bP /a 
= ^^-r— [e ° 
bP*^ 


^ a ( a + b ) T 

- e J • 


Combining^ we get 


f^(t) = 


2t 4bt 


2b t 


bP 


2e 

2 


a r a ( a+2b ) ^'a ( a+b ) -i 

L ® - ® J 


2t 2bP 


2e 


bP' 


[e 


e 


2bt 
a ( a+b ) 


0 < t < (-1 + b)P' 
— — 2 . 0 


(— + b) P < t < ( a+b) P 

2 o — — o 


Case 2 ; n = 3. From equation (6.2.6) vje have the density of 


X 3.11(3. X ( \ 3S 
\n) 




9e^^(3x-x, J ) 


9i^^[3(X(^)-x)] 


='(n) i i 
° i ^(n) ^ 


2X(n) < 3x < 3X(^, 

° ^ ^(n) i ■ 


Make the transformation W = T = aX + v.'here a,b > 


and we get the joint density of T and W as 


Then J 


f (t, w) 


r.3(t^) 

* 9e ® P / t-bw^ T 

3 [3(-— )-wj 


aP' 


9e ^ 
aP^ 


3 [w- i^) ] 

ol 


-3 

9e ^ 


3t 


aP' 


a ^ 


-3 (i^) 

9 e ^ -,r ^a+bx ti 

— ^3[w(— } - -] 

QpJ a a 


(■^ + b ) v; £ t _< (-|-^ + b ) w 

0 < w < P 

— “ o 

+ b)w_<t_< (a+b)w 

0 < lx? < P 

— — O 

/a+3b\ , /■ 2 a+3b \ 

(— 2 — < t <, ( — }w 

0 < w < P 

— - o 

< t < (a+b)v7 

0 < w < P . 

— — o 


The region for the positive density of T and K is shown in 
Figure 6,6.2. 



.Showing the region for positive density of 
T and W for n - 3. 


Figure 6.6. 2 



Now we evaluate the density of T by integrating out W as 
follows . 


For 0 < t < (•^^)P , 

— 3 qt 


3t 


frp (t) = 


o«-3t/a {a+3b) 


aP‘ 


/ e 
3t 


r 3t / J01-a^ 1 
I — ■- vu ;J dw + 

Si 


3b+ai 


(2a+3b7 


27e 


3t 

-3t/a (2a+3b) 


3bv; 


aP' 


; ' r .a+b^ tn 

/ [w(— ) - -] e 

t 

( a+b ) 


dw 


_o^/_ 9bt yp-c 

9e ' r / aTa+3b7 a(2a+3b) s t ^3b^-a^ a 

^5 — - I ve - e )>: -■ V J 

aP^ b a 3b 


9b t 


(■ 


9bt 9bt 9bt 

3t _a( a+3b) a „ a ( a+3b ) 3t _Q(2a+3b) 

~ TalT-dbT ® 


a+3b 


3b 


9b t 

a^a(2a+3b) A , a r / e+h\ a/ 3t 
3b® ^ + 3 ; — ( 


9bt 

a ( 2a+3b) 


9bt 


a ' 3b M 2a+3b ) 

3bt 3bt 


a aC2a+3b) 
3b 


t _ ( a+b ) a , a „a(a+b7\ 
T^Fy ® 3b ^ ^ " 


9bt 3bt 

t / _ ( 2a+3b) a a ( a+b ) 


3b 


(e 


- e 


)3] 


0 4-/ ' 9bt 

9e-^'^^^ r^a(a+3b) f3b+a^ ^a(2a+3b) 2a(2a+3b) 

aP 9b^ 9b^ 

3bt 


a ( a+b ) a ( a+b ) -[ 

© o J 

3b^ 

3t 


6t: 


3t 


ra(a+3b) a+3b 2a(2a+3b) _ 2a+3b , a ( a+b ) ^ a+bi 
■L“ n — ® “ — — —o ® 9 ® 


9b ‘ 


9b 

2a+3b 


3b 


Next for (~^)P < t < ( 

3 o — — 3 




2t 

a 


frp (t) 


- — P 3bw 

9e ® r f r, ® f3t ,3bH-aN , , 

^ L J e 1-— - v/( ) ] civ; + 

aP"^ 3t ^ ^ 

(2a+3b) 


3t 


2 a+3b 


3bv; 


3 r {w(^) - e dv;] 
t ^ ^ 

a+b 


3t 


3bP 


9 0 


aP' 




o _ 9bt 
- e ’ 


3bP 


3bP 


t /_ a _(2a+3bja\ 3b+a _ a 


i) (p 

^ 3b 


ae 


3b 


3t 

'(2a+3b) ® 


9bt 9b t 

a(2a+3b) , a .a(2a+3b)-, 


+ 1b ^ 


9b t 


9b t 


) + 3{^ X 
3b 

3bt 


3t a(2a+3b) ^ a(2a+3b) t (a+bj 

2 a+3b ~ 3b ~ a+b ® 


3b t 


a Ta+bTa^ ^ , aKza+^Dj ^a+D;aN,-] 

3b ® ^ “ 3b ® 

3bP 


9bt 


■3bt 


,aC2a+3b) „(a+b)a 


aP^ 


o 


9bt 


[e 


a ft /3b+a^/^ a _a(2a+3b) 2a(2a+3b) 

b 3b o 3d 9b ^ 


3bt 

^ ^aCa+b) a ( a+b ) j 


aP' 


3bP 


3b ‘ 


_ (jiglg) (p _ -^) 3e 
^b ^ 3b ^ ^ o 3b^ ■* 


3t 


6t 


a 2a(2a+3b) ~ 2a+3b 

- “”~2 ® 

9b^ 


3t 

. a (a+b) 7 a+bi 
+ 5 ® J * 

3b 


Similarly for (— •j^)P^ < t < (a+b)P^, 


_ . / P 3bw 

f (t) = s° e - - ±] dw 

aP^ t ® ^ 

(a+b) 
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3bP 


3bP 


o 


aP' 




a_ e ® 
3b 


( a+b ) 


3bt 
C a+b) a 


3bt 


3b F 


^ a<a+bT y . a 

3b ^ 3 b 


3b t 


^a(a+b)^j 


3bP 


9S3t/a 
aP^ ■ 


3bt 


[e 


y ( a+b) p _ ( a+b ) a t, a (a+b) a a+b -i 
b o 3b b 


3bP 


aP 


2 - -Wt _ 

fe ® { (.§j:^ ) P _ (a+b) a a (a+b) g a+b-i 

T le tv 2 b^ ^ ^ J • 


3b' 


3b' 


The distribution of T for higher values of n can be obtained in 
a similar manner. 


6.7 Other estimators and comparison of various estimators in 
a single outlier case 

In Section 6.5, v/e have obtained an estimator T . = 

opt. 

aX + bX/ >, which has the minimum mse among all linear estimators 
(n) 

of X and where a and b are given by equations (6. 5. 4) and 

(6.5.5). 

Let there be an outlier in the sample, i.e., in an 
independent sample of size n, (n-1) observations are from the 
distribution with pdf f(x;o) given at equation (6.1.1) and one 
comes from the distribution with pdf g(x;o) = f(x; ^) , a >0. 
This makes the distribution theory of order statistics as 
extremely complicated due to different ranges for (n-l) obser- 
vations and the outlying observation. In actual situations, 
this case is not likely to occur as often as the case of 
outliers with known truncation point x^. 

.In Chapter 4, we have seen that performs better for 
. Since for small oc, has the largest 


small values of a 



probability of being an outlier; hence . . • /X may be 
considered as order statistics from f (x;o) in tiiis truncated 
case with 

X n-1 




(6.7.1) 


where 


l-P 


= 1 + (“p ) log(l-P) on. using equation (6.5.13). 


Intuitively it suggests that U 4 /P 2 can also be used for esti- 
mating o. The estimators which are included in the present 
study are discussed -in Section 6.3 and 

’^l = ®n-lX-l ‘"n-l^(n-l)'*‘’*'®'^® ®n-l' ’=n-l X-1 obtained 

from the sample after deleting X^^^ . The last estimator T^ can 

be justified on the grounds that for a <1, largest 

probability of being an outlier and hence by deleting aud 

obtaining a estimator of a similar to T , which uses only 

opr 

X^^j , . . , we may get a reasonable estimator. We have 
obtained the biases and mse ' s of these estimators by simulation 
using 1000 iterations for o =1, n = 10 and 20, P = .8, .9, 

. 95 , .99 and a =.l, .2, .5, 1 and 2 which are given in the 

Table 6.7.1 and Table 6.7.2. These values are approximately 
same as corresponding exact values of those estimators which 
are available. Table 6.7.2 shov/s that T^^^ is best among, all 
estimators considered for a = 1 and large a values. For small 
values of a, T^ performs fairly well. It is clear from the 
table that mle does not perform good compared to others. 

Table 6.7.2 also reveals that if P > .95, we may analyze the 
data by the technique used in un truncated case because as P 
becomes greater than .95, '^opt better for large a values 


and performs good for small a values. This is similar 

to the case for untruncated exponential distribution discussed 

_ n 

in Chapter 4 as well because as P - 1, aX + bX/ , ^ S X /(n+1) 
U 4 i=l i 

and^ ^ U^. 

We now restrict our attention to the values of P which 
are less than or equal to ,95, since for larger P we may use 
the techniques of untrunc ated case. The above observations 
suggest an estimator v/hich depends upon a. But parameter a 
is itself unknown. So we have to find some reasonable esti- 
mators of a. If a is small then has the largest iDrobability 

of being an outlier and may be considered as coming from 

f (x; a/a). Consequently from equation (6.5.13), we have 



and the expressions of v . and r are given in equations (6.5.12) 

n • n 

and (6.5.13) respectively. 
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We have obtained the bias and mse of by simulation 
using 1000 iterations for the same combination of n, P and a 
as for other estimators. These values are also given in 
Tables 6.7.1 and 6.7,2. These simulated values show that 

from mse point of view T_ is better than T. for a > .2 and 

. . ■ , ^ ■ ■ ■ ■ 

for small a values T^ is only marginally better than i' 2 * 
large values of a, is better than T^, while T 2 is better 

than i’^p^ lor small a values. in general, from the bias consi- 
deration, ^ 4/^2 best among all’ estimators studied. However, 
T^ is also not far behind. Consequently -vve recommend the 
estimator T^ if one wants to protect against one outlier which 
has a higher expectation. The estimater T^^^^ is recommended 
for use only if the experimenter feels that the data does not 
contain any 'outliers . 

6.8 Estimation of scale parameter of a truncated exponential 
distribution in a single outlier case v/hen x^ is known 

Estimation of scale parameter of the truncated exponen- 
tial distribution for this case of known truncation point x^ 
with pdf given' at equation (6.1.2) is considered by Deemer and 
Votaw ( 1955 ). They have obtained mle of o v/hich is as follows: 

X 1 

If — < -r, then mle of 0 will be the solution of the 
X, 2' 
o 

likelihood equation 


0 = X + 


^o 

X Vo 


( 6 . 8 . 1 ) 


- 1 ) 


otherv/ise rale of O == 00 . Deemer and ''7o taw (1955) have also 
shown that equation (6.8.1) has a unique solution, bote that 



' ' i" 

a finite estimator of a is obtained only if < Therefore 

2 

we consider some other estimators of a . W'e may use the method 
of moments for estimation of o. But the method of maximum 
likelihood and method of moments based on first moment are 
same. Therefore method of moments based on higher order ' 
moments can be used (see, Schneider, 1986, p. 39). 

6,8.1 Method of moments 


Using equation (2.1.4), we have 


X 


(k) : 


E(X^) = -2__ (1-e^) - e^il + E 


rb \ -b 


k-1 


k(k-l) ... (k-i+1) 


. -b '■ , k 
1-e b 


i=l 


X 


where b = 


b' 




( 6 . 8 . 2 ) 


In particular 

E(x) =0 - 


X 


73" 


xVa 

= <^[1 - ] 


and E(X ) = o [2 - 


e - 1 

(x /o + 2)x /o 


X 7o~ 

e ° - 1 




-] . 


(6.8.3) 


Moment estimaor of o based on kth order moment can be 
obtained by solving equation 


_1 ? = (b) : 

k 7. ^^i ^k 

nx^ ^ 


e^ [1 '+ k(k-l) ... (k-ii-l) j 

1-e^ i=l b^ 


( 6 .. 8 . 4 ) 


X 


for b and hence for o = 
function of b only, so we may. write it as 
■ n . 

E X^ = h(b). , 
i=l - 


2 . R . K . S . ^ of th is equation is a 


nx. 


k 
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where h(b) = — - -‘j — {1 + £ — — * ! — — — } 

e^-1 i=l b^ 

Clearly 

lim h(b) = 0. 
b-* 00 

Next h(b) can be written as 

rb ^ . k-1 


b^(l-e^) 


r(k): (e^-i) - b^ - b^ 


i=l 


_A__ r f rv) -h + , 0^) ' 1.-3 , , Ck).* . k-1 , 

ThI ' Tkil ^ — ...}-b^-.{kaD^"^ + k(k-l)b^“^ 


+ . . . + (k) i b"^ } ] . 

After simple simplification, we have 

^ b^ ce^>i) ^TkTrn ■*■ tmtt ■*' * * * ^ 


r- 42 il 4 _ + -b. (k) '... ^ -1 

‘-T k+m ^ (k+2)! ^ •••-» 

f—l + _b ^ ] 

L (1) i . (2) : ^ • ••■' 


Therefore 


lim h(b) 
b^O 


k+1 • 


Now we want to know whether or not h(b) is an increasing func- 
tion. To this end, note that 

i,, (1,) = . xu-i) ■ a-iH-i) , 

j^k+l 1=1 fei 


+ 


T k(k-l) . .. (k-i-t-Di 


(e^-1) i=l 


i*f 1 





[-k(X) ^ {1 


k-1 

-h j] 

' i='l ■, 


i 


k-1 


k ( k— 3 ) * * * ^ ^ ^ j ^ 1 ) { Xj ^ k— 1 ) « . ( k— i + 1 ) i ^ t 

b"^ > ~ i=l 


b^^'''^(e^-l)^ 


[ (e^'sl) {b^"^k + 2b^~^k(k-l) + 3k(k-l) (k-2) 


■ 2 ' 3 " ' 

+...+ (k-l)’(k)'b - k(k)i(-^~ *' ■*■••• n 


, _b,.k+l , _b^k+l k(k-l) ... (k-i+Dn 
+ e D + e D h : 


i=l 


b‘ 


b^’^^(e^-l) 


2 [-(ekl) (b(k)i +4^ +. 


(2) 1 


(3) : 




'I (k) lb^~^ k(k) !b^ k(k)2b^’*'^ , , 

k- 1 ; T'k v"\ . — + — rrxi — + — rrrrrrT — + • • • i ^ 


(k-1) : 


( 1 ^ 


(k-i-i) : 


eb^j^k+l ^ k(k-l)b^~^ +...+ -~^ b^ + (k)lb^3]. 


On rearranging the terms we get 


h' (b) = 


bk+1 (eb_i) 2 


[b 


k+1 . , , k , . M k- 1 . ■ , (k) ] , 3 . 

+ kb + k ( k— 1 ) b -)-...+ (^2) ' ^ 


(k) Ib^ - (e^-1) {b(k) ! + fk - ^^y r b 
+ . . . - } ] 


k(k): , k-t-1 , k(k): , k+2 

1- ■ -' i.f ' oT -' b 


(k+2-) : 


- vh:i ' b 2 [-to(k)!(e'=-l) - - kb’" 


(k ) I , k-1 


Tb^ 


Ck) ib^} - k(k) : (e^-1) ^ 


(k+iyi (k+2 ) I 


7 "h • 


(k-2) i 
b^ 

• ■ k(k) i 


, k+1 

" rJ 


On expanding e^ in terms of b, it reduces to 



209 


-1 


k-i-l 


k+2 


2 t ^ (k+2) i ' * 

:!» 

3^ j ^ '3^ 3. 

k(k} : Tk+lTT '^' * * * ^ (e -1) j 


- ■ , k”l*l .,^kH -2 

lc+1 ,_b ,.2 ^ *^^('k+l) i ■*■ (k+2) ] 


} + 


b'''-^(e^-l) 

k(k+l) i ■‘‘ (k+2TT“'^ 


b 


k+3 


...) + k(k) I 

,2 


(kH-3) ! 


+ ...)(■ 


( 1 ): ( 2)1 


TITT 


T + ...)J 


■-1 


bk+l(eb_i)2 ^^2 


j^k+l+i !•_ (k}i 


(k) 


(k+i) : (k-1'2) : (i) 1 ^ ^ ^ ^ 2 ) 

1 1 1 
■*■ ^ ^ (k+3) i (i-2) ! + • ■'• (2) i (k+r3} ! (1) i (k+i) ] ^ ^ 

< 0 . 


This implies that h(b) is a monotonically decreasing function 
of b and wc hftve aeon tlint liin (lO 


b-*U 


1 1 
v;ii.i<-h cjj.vcr. h(b) < TTT 
k+i .J 


It implies that a unique solution of equ,ation (6.8.4) 


-1 

exists if — < 


nx-" 


k+l‘ 


Otherv;ise it has no solution and an 


estimator of b may be taken as 0 and hence of o as “. This 
generalizes the result of Deemer and Votaw (1955) for k= 1 
when the method of moments and method of maximum likelihood 
are identical. 

Now we give some examples such that tine solution of 
equation (6.8.4), exists for k = 2 but not for k = 1 and vice 
versa. There are also cases where both the solutions exist, or 


do not exist . 



1 i Suppose n “ 11, 1 und the sample is such 

that Xj_ s ,0 for 1=1,*,.. ,6 |nd x. ^ 1 for i = 7,... ,11, in 

' ■ ■ 5 ' ' ' 1 ' ■ i ■ ■ n ' ' ''I'" 

this case X == yj < y but - = -pf > ■:^ and hence equation 

(6.8.4) has a solution for k = 1 but not for k - 2. 


EXAflPLlj .2 : Suppose n ~ 10, x . = 1 and the sainple is such 

1 ' ' — 1 1 
that X. = -^ for all 1 =..1,..,10. In this casc-X = -r > — 

S ^i 1 1 

but ^ "3 and hence equation (6. 0.4) has u solution 

for k = 2 but not for k = 1 . 


On generating samples of sice 10 on computer, we 
observed samples of various typos. a’c have solved equation 
(6.8.4) for- k = 1, 2, and solutions -are re].'resented by mme(l) 

and mine(2) respectively. For k = 1, equation (6,8.1) is given 
and for k = 2 equation (6.8.4) simplifies to 


2 - 

i=l ^2 1 . , ^ , o 

5 = 2c - — :j — 7 Al+2c), where c = — . 

nx e - 1 o 

o 


Table 6.8.1 gives o/x as a function of x/x and Table 6. 8.. 2 

° 2 ° . 
o E^i 

gives — as a function of These tables are analogous to 

X z, 

o nx 

o ■ ■ 

a similar table for k = 1 given by De erne r and Votav; (1955), ■ 
and can be used to obtain these estimators. 


6.8.2 Comparison of various estimators 


Kow we consider the estimetion of o v;hen sample | 

contains a single outlier under the exchangeah'le model. LetX^,..| 
be a sample of size n, out of which (n-1) come from the 
distribution- vrith pdf f (x;o) given at equation (6.1.2) and the 
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remaining one has a distribution with pdf f (x; -) / a > 0. For 

cx 

this purpose, we have compared U^, U^, U^_,. which had 

shown relatively better performance in un truncated exponential 
distribution with outliers. Also rnmed) and mine (2) discussed 
in Section 6.0.1 are included. We have also included one 
more estimator mine (3) which is the solution of the ml equation 
using in place of U^. 

For this situation, it is kno^-zn that 

E (U. ) (n-.l)E(X)+E(Y) J and V(U ) = ■^[ (n-l)V(x)+V(Y) ], 

v/here E(X) and V(X} could be obtained from equation (6.8'.3) 
and E(Y) and V(Y) could be evaluated by the same equation with 
o replaced by o/a . Finally, mse(U^) is calculated. Here it 
could be noted that mse(U^)/o is a function of oc and n. 

Similarly, mse's of other estimators considered in this section 
are evaluated and those are also the function of x^/a, a and n. 
Exact values of mse of first five estimators are evaluated 

for n = 5, 10, = 1> 2, 3, 4, 5, 10, <» and a = .1, .2, .5 

and 1., using. the moments calculated in Section 2.4. These 
values are given in Tables 6.8.3 and 6.8.4. 

VJe have obtained simulated values of rnse of all these 

estimators using 1000 iterations. In evaluation of mse of 

mmo-Cl) , mme(2) and mme(3), we have discarded those values of 
mme(l), mme(2) and mme(3) which are larger than 10 a. The 
simulated values are given in Table 6.8.5* The simulated values 
of mse are more or less same to the exact values of mse which- 
ever are available. This table reveals that for a fixed value 



of X /o if a changes then mse values of estimators are not 
much affected. This implies that a single outlier does not 
have much effect in the truncated exponential distribution^^^^^^^^^ ^ 
when is known. From the table it is also clear that rame(l), 
mme(2), and mme(3) are not good compared to other estimators. 
Table values shows that if x^/a is less than 4, is prefer- 
able to others and if x^/o is more than 4, we may use the 
procedure given for untruncated case in Chapter 4, i.e., we 
may use the estimator T. Now o is the scale parameter of inte- 
rest. So we- follow the following procedure. 

X X 

First calculate ~ and if yp < 4, use U. as an estimator 

Ui 1 

of o otherwise treat the sample from untruncated exponential 
distribution and estimate o by the methods described in 
Chapter 4 . 

In Table 6.8.5, we have also given the proportion, in 

brackets, in 1000 samples where the mme(l), mme(2) or mme{3) 

do not exist. These proportions for all three decrease to 0 
x 

as ^ There is not much dependence on a and the propor- 

tions for mm.e(l) and mme(2) are about equal. The mse's of U^, 
U 2 , U^, and for truncated case is much smaller than for 

the untruncated case even for outlier situation. This is in 

discrepancy with the conclusion drawn by Johnson and Kotz (1970, 

U 

p. 223) where it is stated that "If — > "o then irane(l) which is 
.• o 

mle of a is infinity. This may be taken to mean that a trunc- 
ated exponential distribution is inappropriate". But mme(l) is 
U 

infinity for — > -y does not mean that this distribution is 
: ■ ^O ^ 

Inappropriate. This only means that the mle does not perform 
good for truncated exponential distribution. 
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It could be seen from the Tables S.8.3 and 6.8.4 that 
the mse's of all the estimators are minimum somev;here between 
x^/b = 3 and 4. So if one suspects that there is an outlier 
in a sample from an untruncated exponential distribution then 
one may even think of truncating the distribution at a reason- 
ably large value since an outlier does not affect much for' 


•this case 



TAxJLE 6.7,1 


Simulated values of biases of various estimators 


''"'■\__^^^^^Estimator j 

P 0- 

rtn 

"^opt 

U^/Pj 

. 

% 

1 

T 

2 

' 

mle 

0.80 0.10 

3. 174 

-0.020 

-0.054 . 

-0.041 

2.818 

0.20' 

1.210 

-0.045 

-0.078 

-0.055 

0.982 

0.5 0 

0. 189 

-0.088 

-0.132 

-0.093 

0.021 

1.00 

-0.027 

-0.137 

-0.184 

-0.137 

-0.177 

2.00 

-0.049 

-0.183 

-0.211 

-0.174 

-0.192 

0.90 0,10 

2.631 

-0.022 

-0.072 

-0.054 

1 

2.377 ! 

0.20 

0.95 8 

-0,043 

-0.098 

-0,071 

0.749 1 

0.50 

0.142 

-0.099 

-0.164 

-0.113 

-0.025 j 

1.00 

-0.037 

-0.156 

-0.221 

-0.166 

-0.179 

2.00 

-0. 053 

-0.199 

-0.253 

-0.203 

-0.201 

0.95 0.10 

2.066 

-0.020 

-0.091 

-0.065 

1.934 i 

0.20 

0.822 

-0.061 

-0.129 

-0.089 

0.671 

0.50 . 

0.103 

-0.104 

-0.184 

-0.125 

-0.004 ; 

1.00' 

-0.056 

-0.172 

. -0.255 

-0.193 

-0.140 

2.00 

-0.074 

-0.219 

-0.2S3 

-0.223 

-0.170 

( 

0,99 0.10 • 

1.313 

-0.027 

-0.115 

-0.083 

1 

1.370 

0.20' 

0.454 

-0.077 

-0.167 

-0.119 

0.447 

0.50 

0.032 

-0.139 

-0.232 

-0.156 

0.050 

1.00 

-0.062 

-0.188 

-0.277 

-0.197 

-0;034 j 

2.00 

-0.103 

-0.236 

-0.316 

-0.249 

-0.081 1 

i 
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T ADLi:. 0.7.2 : 3iniulated values oi: irise ' s ol various estiinators 


li'stimator ; 

P a 

" 1 

T ^ 

Opt 

” 4 /'=! j 

. 

0 

1 

1 

mle ■ 

, 

0.80 0.10 

18.004 

0 . U 5 7 

0.034 

0.034 

14.932 

0.20 

3.276 

0.060 

0.04 0 

C . 04 1 

2.537 

0.5 0 

0.180 

0.072 

0 . 05 6 

0.05 6 

0.121 

1.00 

0.028 

U . 076 

0.070 

0.06 3 

0.051 

2.00 

0.031 

0.085 

0. 080 

0.073 

0.05 9 

0.90 0.10 

13.369 

0.072 

0.04 9 

0. 051 

11.768 

0.20 

2.292 

0.074 

0.058 

0.059 

1.814 

0.50 

0.146 

0.077 

C .072 

0.071 

0.100 

1.00 

0 . 038 

0.088 

0.090 

0.083 

0.06 2 

2.00 

0.04 2 

0.097 

0 . 1 06 

0.097 

0.069 

0.95 0.10 

9.14 3 

0.086 

0 . 066 

0.071 

8.323 

0.20 

1.781 

0.079 

0.071 

0.074 

1.503 

0.50 

0.135 

0.091 

0.090 

0 . 088 

0.097 

1.00 ■ 

0.049 

0.098 

0.108 

0.097 

0.064 

2.00 

0.054 

0.108 

0.125 

0.113 

0.072 

0,99 0.10 • 

4.090 

0.091 

0.086 

0. 090 

4 . 86 6 

0.20 

0.720 

0. 090 

0.09 3 

0.097 

0.722 

0.5 0 

0.107 

0.097 

0 . 1 1 z 

0.107 

0.105 

1.00 

0.072 

0.106 

0.13 0 

0.118 

0.079 

2.00 

0.081 

0.123 

0.15 2 

0.136 

0.083 


TAULL. 6.8 . 1 t 


Table of o/x as a function of x/x 
o o 


o 


1 

a/x 

.01 

.010 

.25 

.278 

.02 

.020 

.26 ' 

.295 

.03 

.030 

.27. 

.312 

. 04 

.04 0 

.28 ' 

.331 

. 05 

.05 0 

.29 

.352 

.06 

.060 

.30 

.374 

.07 

.070 

.31 

.3 99 

.08 

.080 

.32 

.4 25’ 

.09 

.090 

.33 

.455 

.10 

.100 

.34. 

.488 

.11 

.110 

.35 

.525 

.12 

.120 

.36 

.566 

.13 

.130 

.37 

.614 

.14 

.141 

.38 

.670 

.15 

.151 

.39 

.735 

.16 

.162 

.4 0 - 

.813 

.17 

.173 

.41 

.908- 

. 18 

.184 

.42 

1.026 

.19 

.196 

.43 

1.176 

o 

CM 

• 

.208 

.44 , 

1.377 

.21 

.221 

.45 ' 

1.657 

.22 

.234 

.46 

2.075 

.23 

.24 8 

.47- 

2.772 

.24 

.263 

.48 

4.163 
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TABLL G.0.2 

: Table of o/x^ as a 

o o 

£ unction oi Y,x ;*/nx 



X:x?/nx^ 

O/x^ 

ExJ/nx2 j 

... 0/x I 

o 

ExJ/nx^ 

O/x^ 

.005 

' .05 0 

■ : .155 

.388' 

. .301 

2.5 37 

,010 

.071 ’ 

.15 0 

.403 

.3 02:; 

2.619 

.015 

'' .087' . 

.165 

.419 

.303 ; 

2.707 

• 020 

.100 

.170 , 

.436 

- .304 

2 . 801 

. 025 , ^ 

• .112 

.175 

.453 

.305 

'2.902 

. 03,0 

.123 

.180 

.472 

.3 06 

3.010 

•: : . 035 

.134 

.185 

.4 92- 

'.307 

3.126 

; .040 

.144 

.190 

.513 

.3 08 

3.251 

.045 

.153 ■ 

.195 

.535 

.3 09 

3.386 

. 05 0 

■ .163 

.200 

.559 

.310 

3.533 

.055 

.172 

.2 05 

.5 85 ' 

.311 

3.694 

. 06 0 

.181 

.210 

.613 

.312 

3.869 

.065 

■ .190 

. .215 

.643 

.313 , 

4.061 

.070 

. 199 

.220 

.675 

.314 

_4.273 

.075 

.208 

.225 

.711 

.315 

.4.509 

.080 

.217 

.230 

.749 

.316 

4.771 

.085 

.227 

.235 

.791 

.317 

5 . 065 

.090 

.236 

.240 

.838 

.318 

5.400 

.095 

.246 

.245 

.890 

.319 

5.780 

.100 

.256 

.250 

.948 

.320 

6.217 

.105 

■ .266 

.255 

1.013 

.321 

6.725 

.110 

.276 

.260 

1.086 

.322 

7 . 321 

.115 

.287 

.265 

1.171 

.323 

8.042 

.120 

.298 

.270 

1.268 . 

.3 24 

8.916 

.125 

.310 

.275 

1.382 

.325 

9.901 

.130 

.321 

.280 

1.517 

. 3 26 

11.378 

.135 

,334 

.285 

1.680 

.327 

13.217 

.140 

.346 

.290 

1.880 

.328 

15.673 

.145 

.360 

.295 

2.13 2 

.329 ■ 

20.053 

.150 

.373 

.300 

2.45 9 

.330 

'24.612 



TAIim 0.0.3 


JExact values of tnso of various estimators for n--5 


1 

a Est 

1 

2 

: .. ■ ^ ^ 

3 

4 

' 5 

10 

00 

.1 

.33779 

.12355 

.11212 

.17718 

.26852 

.88067 7.40000 

^2 

.41993 

.18499 

.11695 

.11924 

.14998 

.46278 4 

■ . 66666 


.46639 

.23442 

.14879 

.12586 

.12877 . 

.27255 2 

;.79759 

^4 

.44523 

.24349 

.18851 

.18270 

.18926 

.21365 

.22714 

^11 

.36005 

.17378 

.16488 

.20274 

.24202 

.33044 

.37760 

.2 

.33968 

.12693 

.11315 

.17068 

. 24845 

.67199 1 

: 80000 

""2 

.42170 

.18918 

.12179 

.12199 

. 1-1729 

.35927 1 

.05556 

u . 

.46813 

.23881 

.15489 

.13217 

.13351 

.22787 

.62840 

U4 

.44729 

.24787 

.19329 

.18634 

.19112 

.20871 

. 2144 2 ^ 

^11 

.36222 

.17736 

.16618 

.19916 

.23274 

.30127 

.32280 

.5 

.34532 

.13706 

.11712 

.15572 

.20222 

.32658 

.36000 

^2 

U3 

.42700 

.20163 

.13636 

.13173 

.145 03 

.20288 

.22222 

.47332 

. 25188 

.17301 

.15135 

.14972 

.17232 

.18271 


.45351 

.26124 

.20846 

.19925 

.20025 

.20545 

.20580 

^11 

.36875 

.18841 

.17151 

.19199 

.21155 

.23819 

,.23980 

1 . U ' 

.35456 

.15318 

.12545 

. 144 75 

.16700 

.19909 

.20000 


.43566 

.22111 

.15856 

.14903 

.15317 

.16616 

. 16667 

U3 

.48184 

.27241 

.20006 

.17945 

.17588 

.17885 

.17911 

^4 

.46387 

.28328 

.23396 

.22314 

.22139 

.22149 

.22149 

■^11 

.37957 

.20696 

.18369 

. 19127 . 

.19885 

.20556 

-.20562 
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IWIiLL 6.8.4: Exact values of nise of various estimators for n=10 


o , 

a Est 

:| 

1 

2 

3 

4 

5 

10 

1 

00 

L. 

.1 u 

.33815 

.10942 

.06259 

.076 24 , 

.10496 

.26980 

1.90000 


.38271 

.14581 

.07635 

.06804 

.07869 

.17874 

1.42975 

1 1* ► ft ‘ ‘ 

3 ’ 

.40378 

.16733 

.09002 

.07234 

.07433 

.13749 

1.10230 

u.. ' ' 

‘'4 

. 39770 

.17802 

.11249 

.09762 

.09641 

. :l 0235 

.10563 

' ’ ; i, ' » V' * r ' 

u 

^11 

.35197 

.13766 

.08956 

. 0894 9 

. 09830 

.12024 

.13117 

.2 

.33911 

.11130 

.06402 

.07559 

.10062 

.21766 

,.50000 

u„ 

z 

.38363 

. 14 792 

.07876 

,06967 

.07345 

.14797 

.35537 

^3 

.40471 

. 16952 

. 09280 

. 07493 

.07597 

.11883 

. 27377 

U 4 

.39875 

.18035 

.11528 

.10018 

. 09344 

.10228 

.10353 

^11 

.35305 

.13978 

.09150 

. 09033 

.09772 

. 11459 

. 11944 

.5 U. 

.34196 

.11689 

.06835 

.07456 

.09089 

.13137 

.14000 

-2 

.38640 

.15414 

.08585 

.07480 

.07929 

.10150 

. 10744 

^3 

.40743 

.17600 

.10099 

.0826,8 

.08160 

.09399 

.09820 

U4 ■ 

.40189 

.18734 

. 12376 

.10831 

.10552 

.10594 

.10599 

^ 11 . 

.35627 

.14617 

.09753 

.09361 

.09761 

.10431 

,10466 

1 . u 

.34663 

.12558 

. 07508 

.07516 

.08408 

.09955 

.10000 

X 

^'2 

.39093 

.16379 

.09630 

.08272 

.08336 

.09061 

.09090 

^3 

.41202 

.18608 

.11298 

.09374 

.09054 

.09352 

.09373 


.40706 

.19847 

.13691 

.12107 

.11734 

.11621 

.11621 

u. . 

.36157 

.15636 

.10727 

.10024 

.10117 

.10280 

.10282 

11 










TAuLL b.8.5 : 


Simulated inse of mined), mme(2), inme(3) 

and X for n ^. jO -and for x- = 1,2, 3, 4, 5, 10 and 
a = .1, .2, .5/ 1^* 


a Eat 

' ;di‘, t-,: 

‘ ■ ■ ‘0^- ' . ' ■ 

‘ 

, 3. 

. 4 . 

- . 

p... . ^ 

r~ 

, ;■> .* 

' 

10. 

.1 mraeti) 

, '4/ % h 

1.6812 ' 

1.8833 

1.2326 

.7369 

.3609 

.3306 


'•d233> ■■■' 

(.083) 

(.022) 

( .004) 

(.000) 

( .000) 

;W< 

,1.9056 

1.5024 

1.0892 

.6781 

• 5 3 35 

.6430 

/‘d;., ■ 

(.227) 

(.086) 

( .026) 

( .009) 

(.000) 

(.000) 

V 

1-^5 073-^' 

.9746 

.6132 

.2752 

.1395 

.1091 

(';041) 

(.005) 

(.003) 

(.000) 

(.000) 

(.000) 

..3369 

.1091 

.0666 

. 0792 

.1037 

.2063 

. 2 mme ( 1 ) 

1.8397 

1 . 9908 

1.4444 

.5 721 

.3391 

.2822 


(.200) 

( .064)' 

(.012) 

( .003) 

(.000) 

(.000) 

rnrne ( 2 ) 

2.13 34 ' 

1.7739 

1.3002 

.83 04 

.4 3 03 

.4737 


(. 205) 

(.068) 

(.012) 

(.002) 

(.001) 

(.000) 

mme ( 3 ) 

1.2308 

; .8489 

.4939 

.2755 

.1414 

.•114 2 


(. 032) 

(.011) 

(.002) 

(.000) 

(.000) 

(.000) 


.344 2 

.1120 

.0610 

.0809 

.0944 

.2395 

.5 mnie(l) 

1.9531 

1.7665 

.8254 

.4998 

.3267 

.1248 


(.204)' 

( .072) 

(.015) 

, (.003) 

(.000) 

(.000) 

mme (2) 

1.9759 

12.7094 

.0699 

.6104 

.3055 

..1609 


(.207) 

( .076) 

(.017) 

( .003) 

(.001) 

(.000) 

mine ( 3 ) 

.8261 

? .65 05 

.1041 

.1835 

.1486 

.1018 


( . 04 3 ) 

( .009) 

(.001) 

( . 001) 

(.000) 

(.000) 

^1 

.3451 

.1155 

.0667 

-.0728 

.0927 

.1165 

1 . mme ( 1 ) 

1.6148 

1.4616 

.8914 

.3750 

.1871 

.115 2 


( .224) 

(.056) 

( .011) 

(.002) 

(.001) 

(.000) 

mme C 2 ) 

1.6707 

1.5917 

1 . 1699 

.3490 

.1912 

.1270 


(.228) 

( .057) 

( .011) 

(.003) 

(.001) 

(.000) 

mme ( 3 ) 

1.4823 

.8101 

.2922 

.16 31 

.1541 

.1177 

(.046) 

(.©07) 

( .002) 

. ( . 002) 

(.000) 

(.000) 


.3462 

■.124 3 

.0753 

.■0726 

.0804 

.1092 


The values given in brackets are the simulated values of ^ 
proDortion for which mme(l), iriiue(2) and iiune(3^ do not exist 
in 1000, iterations. 
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APPENDIX A 


CALCULATIONS OF ©CPECTED VALUES OF X X , l<r<s<'n FOR 
— ' r j n s : nr — — — — — — ^ 

TRUNCATED EXPONENTIAL DISTRIBUTION UNDER A SINGLE 

outlier. EXCHANGEABLE MODEL 


, %'■ -I ,f '"j i r/V ■■ v 

For a given value of n, sample size^ an algorithm is 

, « ' ■ ■ ' 

presented to compute the expected values of X X for some 

• ' ' . ' 5 ' , ■ 

particular value, "of r and s, where 1 < r < s < n, when the sample 

aiha.Ohe outlier. Expression for jut is given in equa- 

,i'' “ V,,* -f . . IT / s • n 

' 't \ i \) » ** ‘ 

(2^4.1). As explained in Section 2.4, each integral in 
r,s:n type 

I(a,b,c,d,f) = / I xy (1-e^) ® [i^ - e °] e“^^e^^ dx dy 



(A.l) 


o o 
^O V 

= / / f(u,v) du dv (say),, 

o o 


We evaluate these integrals by using Gaussian quadrature. 


Let a and b be finite real numbers then t point formula 


(A. 2) ! f .(y) dy = — - E f (y^) , 

a i=l 

where y ^ 2 2 ^ ~ ^ * 2,...,t 

and -t^e points x^ and weights w^ are extensively tabulated in 
Abramowitz and Stegun (1964) for various values of t. It should 
be noted that Equation (A. 2) gives an exact result when f (y) is 
a polynomial of degree (2t-l) or less. 

Now we apply equation (A. 2) to the inner integral of 

equation (A.l), which gives 


O V w ^ 

/ / f(u,v) du dv ® / 2 ^ (Xj^+1)/ v) dv 

o O _ 


t, o 


S w . / V f H (x /+l), v) dv . 
i=l ^ o 


Let h(v) = V f(^(x^+l),v) and using equation (A. 2), we get 
V 1 ^ (x .+1) 

/ / f (u^v) du dv * *2 S " 2 “ ^ ^ ^ 2 — 

00 i=l j=l 

■ .. ' . ■ x^ t t x^(x.+l) 

' 'i' =: -r2 V ' W. : V ■ W . ' - ■ ^" ' ' ' ' 


* ; t, p» I t ' * ; ^ ■ *' / *' ' 

iaiiiSiWiSiPjP’-la- 




t t (x .+1) 

= 7 — S w. s w. ' ' ' 

i -1 ^ J -1 J 

X (x .+1) (x.+l) x^(x .+l) 

. f( o .1. — i ^ _2__1_) 

* 2 2 r 2 ■ 


on substituting the value of h(.). 

Using this approximation to each integral, l^r,stn 
be obtained for 1 < r < s < n. For given values of x^, n, r, s, 
a, t, w and x, the subprogram PMOM gives the fj. „ti* The 10 

point formula is used in this subroutine. 


LANGUAGE 

Fortran 10 ‘ 

STRUCTURE 

SUBROUTINE PMOM (NN, IR, IS , FACT, ALP,X0, A, B, JC, JD, JE,X, W, U) 


Formal parameters 


NN 

Integer 

Input : 

size of the sample for 

have to be calculated. 

IR 

Integer 

Input : 

valne of r of 

IS 

Integer 

Input ; 

value of s of Xg 

FACT 

Real 

Input : 

values of factorials. 

ALP 

Real 

Input : 

value of ot . 


xo 

A 

B 

JC 

JD 






rA% 


r/ : VT'' 

X 


w 

u 


Real 

Input J 

Real 

Input 1 

Real 

Input J 

Integer 

If 

/' > 

Input ; 

Integer 

X ' ' "/* t 

Input 1 

■;|Eiteger 

■ . 

Input ! 

Real 

Input 

Re al 

Input 

Real 

Output 


truncation point of truncated exponential 
distribution. 

value of d described in equation (A.l). 
value of f described in equation (A.l). 
value of r— a, where a is qiven in 
equation (A.l). 

value of s-r-b, where b is given in 
equation (A.l),. 

value of n-s-c, where c is given in 
equation (A.l). 

abscissas for 10 point Gaussian quad- 
rature. 

weights for 10 points Gaussian quadrature 

expected value of X^;n^s;n* 


Auxiliary aldorithm 

Sxibroutine PMOM calls s^abroutine ASUM. 

This program is valid upto sample size 20. But these 
moments can be evaluated for larger n by giving more values of 


factorials 


! 


c 

c 

c 


SUBROUTINE PI40M(NN, IR, IS, PACT, ALP A,B, JC, JD, JE,X,W, U) 


40 





5 

10 


SUBPROGRAM FOR CALCUIiATING *(X(1R)X (IS) ) FOR A FIXED VALUE OF 

IR,IS WHERE IR<IS , V , ^ ^ 

DIMENSION A(8) >B(8) ,FACT(20) , U(20, 20) , JC (8) , JD (8) , JE (8) , IC (8) 

1 ID C 8 ) , IB ( 8 ) , SUMM ( 4 O) ^ X (10) 1 J o; . 

FX0«1.-EXP(*X0) , \ ‘ 

0X0*1 i-fEXPC-XO^ALP) : : ‘ 

NNN*NN-1-;|: 

DO 40 K*li8 ;♦ 

IC(K)“IR-JC(K)* , 

ID (K) *IS- IR- JD (M) \ 

ie.(k)f^jii^is,‘-jk(|S),: ;>,r; ■ ■ ■ 

AA*ACN^^'-:':M.i^?ft;':;<,. ;,'.4 " 

(N) ^ 

.JCCNI ^ "■ '■ , , . ; 

KC.LT.O.) GO TO 5 ' , 

KD*ID(N) 

IF(KD.LT.O.) GO TO 5 
KE=IE(N) . 

IF(KE.LT.O.) GO TO 5 ' 

CALL ASUM(AA,BB,KC,KD,KE,X,W,XO,FXO, SUM) ^ 

SUMM(N)=SUM*X0/( (FXO** (NN-1) ) *GXO'*f8.0) 

Tl=FLOAT (lR-1) * (SUMM( 1) -SUMM( 2) ) +FLOAT (NN-IS ) * (GXO-1 . ) *SUMM( 3 ) 

T2=T1+FL0AT(NN-IS)*SUMM(4) ^ ^ o^ \ 

T4=T2+ALP* (SUMM (5 ) +SUMM(6 ) ) +FLOAT ( IS-IR-l) (SUMM (7) -SUMM (8) ) 

T3*FL0AT (IR) *FL0AT(IS-IR) *FLOAT (NN-IS+l) 

T0TAL=T3*T4 ^ 

DR=FACT (IR) *FAGT (IS-IR) *FACT (NN-IS+1) 

U(IR, IS)=FACT(NN-1) *T0TAL/DR 

RETURN 

END 


] 


C 

c SUBPROGRAM FOR SUM 

SUBROUTINE ASUM (AA, BB , KC, KD , KE,X, W, XO, FXO, SUMJ 
DIMENSION X (10), W (10) 

Nl=10 

DO 20 I=1,N1 
DO 30 J=1,N1 
Z2=(X(J)+1. )*X0/2. 

Zl=Z2*(X(l)+1.0/2 

Fl=Zl*Z2*( (l.-EXP(-Zl) ) **KC) 
F2=(EXP(-Z1)-EXP(-Z2) )**KD 
F3=(FX0-1.+EXP(-Z2)') **KE 

F*F1*F2*F3*EXP (-AA*Zl) *EXP (-B8*Z2) 

AL=W(I)*W(J)*F*Z2*2. 

. SUM<=SUM+AL 
30 CONTINUE 
20 CONTINUE 
RETURN 
END 


o u u o u o p o 


CALLING PROGRAM 


protraM for product moments truncated EXPONENTIAL DISTRIBUTIOl 

MINT GAUSSIAN QUADRATURE FOR A PARTICULAR ; 

t/AT TTi?c m** v* (X IT s AND n WHERE . , v ^ 

dSIiON A?&)!B(l!,lACT(20),X(10),wTlO),aC<8),UD(8),JE(8) | 

1U(20, 20) 


DATA (X(I)fI=1f10), (W (I) , 1=1. 10) , ( JC (I) , 1=1, 8) , (JD (I) , 1-1, 8) , 

* /’^148874339o!l4333953941, .6794095683, .8650633667, .9739065285 , 

* ' ilRfl743390 I 4333953941, -.6794095683, -.8650633667, 

* “*i7?fo65285 2955242247,. 2692667193,. 2190863625,. 1494513492, 

I :S666??3!4f!:2955242247,. 2692667193 .2190863625,. 1494513492, 

* . 0666713443, 2, 2, l,l,lFl4l/l#l4l/l/l/lf 1^2, 2, 0,0,1, , , , , 


70 

C 


CALCULATION OF FACTORIALS 
FACT(1)=I. 

DO 70 J=2,20 

FACT(J) =FACT(J-1) *FLOAT(J) 


ALP=.2 

XO=2. 

A(l)=l. 

A(2)=1.+ALP 

A(3)=l. 

A(4)=l. 

A(5)=l. 

A(6)=ALP 

A(7)=ALP+1. 

aC8)=1. 

B(l)=l. 

B(2)=l. 

B(3)=l. 

B(4)=1.+ALP 

B(5)=ALP 

B(6)«=l. 

B(7)=l. 

B(8)=1.+ALP 

NNs=10 

IR=NN-1 

IS=*NN tta 

CALL PMOM (NN, IR , IS , FACT , ALP , XO , A, B , JC , JD , JE , X, W , UI 

PRINT?, U(IR, IS) 

FORMAT (8X,F8. 5/) 

STOP 

END 


APPENDIX B 


ROOTS 


OF maximum likelihood equations 


An algorithm in presented to compute the roots of ml 

i- -1 ir^aA in ‘iection 4e2. w© us© ©quations (4.2e2) 
equations. As explained xn Section 

and (4.2.4) which are 

(B.l) 'X. 1 

'if:.; ' 1=1 

' ; For given values of n and (x(I).I = 1 ^^e sub- 

routine ROOT gives maximum livelihood estimator of a and a. If 
I ^2 ^ it sets mle as 3. Otheruise It computes all 

1=1 ^ i ...eion (B 2). For the second case, there 

the three roots of equation U.iJ. 

«ill he one root x correspond to a = 1., For other two roots of 
equation (B.2). we use «e„ton-Raphson method. But If this 
method falls to evaluate both the roots, then we evaluate the 

second root by using Bisection method. 

Also if. the root or roots calculated by Bewton-Raphson 

rr not within the interval 

method are not different from x or not wit 

r- ^Cn)-^ j , 

^ n-1 

Viv the Bisection method, 
then we evaluate the root or roots by . 

• root out of all roots which maxxmxzes 

PinallYF nil® ® ^ 

is evaluated using equation 

the likelihood function. Then 

ic: valid upto sample size 100. 

(B.l) . This program is vali P 


APPENDIX B 


ROOTS OF MAXIMUM LIKELIHOOD EQUATIONS 


An algorithm is presented to compute the roots of ml 
equations. As explained in Section 4.2, we use equations (4.2.2) 
and (4,2.4) which are 

(B.l) nx = (n - 1 + ^)a 

X . . 

n _ -^(1- 

(B,2) s (x. - nx + (n-l)o )e nx/a-n+1 = 0 

i=l 

For given values of n and (x(l)/I = l/...,n), the sub- 
routine ROOT gives maximum likelihood estimator of a and a.. If 
^2 •~2 ““ 

S Xj < (2n-l)x , it sets mle as x. Otherwise it computes all 
i=l 

the three roots of equation (b. 2). For the second case, there 
will be one root x correspond to a = 1. For other two roots of 
equation (B.2), we use Newton- Raph son method. But if this 
method fails to evaluate both the roots, then we evaluate the 
second root by using Bisection method. 

Also if. the root or roots calculated by Newton-Raphson 
method are not different from x or not within the interval 


(n) 


-i _ (X-X(J)) 

X + ■ " J , 


then we evaluate the root or roots by the Bisection method. 
Finally, mle of 0 is that root out of all roots which maximizes 


the likelihood function. Then is evaluated using equation 

(B.1). This program is valid upto sample size 100. 



LANGUAGE 


Fortran 10 


STRUCTURE 


SUBROUTINE R00T(X,N, AML, ALP) 
Formal parameters 


X Real Input : 
N Integer Input : 
AML Real Output: 
alp Real Output: 


sample observations, 
size of the sample. 

maximum likelihood estimator of a 
maximum likelihood estimator of a 



non 




SUBROUTINE ROOT (X,N, AML, ALP) 

G SOLUTION OF LIKELIHOOD EQUATIONS BY ITERATIONS WHEN A SINGLE 
C OUTLIER IS PRESENT IN THE SAMPLE 

DIMENSION X(100),RS(3),EF(2),PF(2),IIF(2) 

AN=N 

AN1=AN-1. 

NN1=N-1. 

DO 64 K=1,NN1 
DO 54 I=K,NN1 

IF(X(K) .LE.X(I+1)) GO TO 54 
TEMP=X(K) 

X(K)=X(I+1) 

X{I+1)=TEMP 
54 CONTINUE 
64 CONTINUE 

C THESE X*S ARE NOW ORDERED 
XT=0;XTT=0 
DO 44 1=1, N 
XT=XT+X(I) 

44 'XTT=XTT+X(I) *X(I) 

XB=XT/AN 

IF[XTT.GT. (2n-l) *XB*XB] go TO 2 

AML=XB 

ALP=1. 

RETURN 

C 

C CALCULATIONS FOR FINDING THE ROOTS WHEN SUM OF SQUARES OF X(l 

C IS MORE THAN (2*N-1) * (MEAN**2) .WE ARE CALCULATING ONLY TWO 

C ROOTS BECAUSE ONE ROOT XB IS ALREADY KNOWN 
C 

2 BLL=(XT-X(N) )/ANl 
BUL=(XT-X(1) )/ANl 
Sl=BLL 

NEWTON-RAPHSON METHOD 

DO 5 0 li=l^ 2 
IKK=0 
5 F1=0. 

F“0. 

IKK=IKK+1 

IF (IKK.GT.20) go to 20 
DO 10 1=1, N 

T'ss'iT T-. AKT 1 

H2=AN*X(I)*(XB/S1-1.)/T 
IF(ABS(H2) .GE.55.) GO TO 1 
T2=EXP(H2) 

GO TO 15 
1 T2=0. 

1 R (X ( I ) — T ) ^^12 

T1=AN*X ( i) * (X (I) -T) * (-XB/(S1*S1*T) + (XB/Sl-1 . ) *ANl/ (T*T) ) 
F1=F1+(AN1+T1) *T2 
10 CONTINUE 

IF(Fl.LE..lE-25) GO TO 20 
FF1=F/Fl . ' 


S0=S1-FF1 

IF (ABS (SO-Sl) .LE. .00001) GO TO 25 
Sl=SO 
GO TO 5 
^ C I -E ) 

C IIF(II)=1 IMPLIES THAT NEWTON-RAPHSON METHOD FAILS IN 
C FINDING THE ROOT 
IIF(II)=0 

Sl=(XT-2.*X(l) )/ANl 
GO TO 50 
20 IIF(II)=1 
50 CONTINUE , 


IFdIFd) .EQ.l) GO TO 35 

45 IF (IIF (2) . EQ. 1) GO TO 30 

46 IF (ABS (RS (2)-RS d) ) .LE. . 0001) GO TO 30 
IF(RS(2).GT.BUL) GO TO 30 

IF(RSd) .LT.BLL) GO TO 35 
IF (ABS (RS (1) -XB) .LE. .00001) GO TO 35 
IF(ABS(RS(2)-XB) .LE. .00001) GO TO 30 
GO TO 40 


BjIsection method 


A1=BLL . 

A2=XB 

El=XT-ANl*Al. 

E2==XT-AN1*A2 

E3=(E1-A1)/(E1*A1) 

E4=(E2-A2)/(E2*A2) 

IIK=0 

HA1=0. 

HA2=0. 

DO 55 1=1, N 

V1=X(I)*E3 d - ^ 

IF(ABS(V1).GT.55.) go to 60 
HA1=HA1+ (X (-1 ) -El ) *EXP (X ( I ) *E3 ) 

GO TO 55 

HA1=HA1 

CONTINUE 

IF(IIK.GT.50) go to 65 ^ 

IF (ABS (HA1-HA2) .LE.. 00001) GO TO 70 

IIK=IIK+1 

C=(Al+A2)/2. 

HAC=0. 

DO 85 1=1, N 

E5=XT-AN1*C 

E8=X(I)*(E5-C)/(C*E5) ^ 

S^Sc+txU):ll)*J^P(xU)*(K-c)/(E5*c) 

GO TO 85 



80 

85 


HAC=HAC ■ 
CONTINUE 
IF (HAC . LT . 0 • ) 


GO TO 90 


90 


70 

65 


30 


A2«=C ■ , • • Ag-: ■ 

HA2='HAC , , ' ■'■ 

A1=A1 

GO TO 95 . , , 

Ai=c „ . ' , 

PiAl=HAC -.-t • 

A2*=A2 

GO TO 95 ■ 

IF (ABS (A1-A2) .GE. 0001) GO TO 75 
RS(l)=(Al+A2)/2. ' 

IIFC1)=0 j . 

GO To;45 ■ : 
a2=bul 
, 'Ai=xB ' 

E1=^T-AN1+Al 
•i-’v ‘B2'^T-AN1*A2 
• E3«(E1-A1)/(E1*A1) 

V E4=(E2-A2)/(E2*A2) 

. HA1*0, 

HA2=0. 

DO 105 1=1, N 

V2=X(I)^E4 ' ^ i.n 

IF (ABS (V2) .GT.55 . ) GO TO 110 
HA2=HA2+(X (l) -E2) *EXP (X (I) E4) 

GO TO 105 
110 HA2=HA2 
105 CONTINUE ' 

115 IF (IKK.GT.50) GO TO 125 ^ _ 

IF (ABS (HA1-HA2).LE.. 00001) GO TO 130 
IKK=IKK+1 
135 C=(Al+A2)/2. 

HAC=0. 

DO 145 1=1, N 

E5=XT-AN1*C 

E8=X(I) *(E5-C)/(E5*C) 

(X(I) * (E5-C)/(E5 *C) ) 

GO TO 145 
140 HAC=HAC 
145 CONTINUE- 

IF (HAC.LT. 0« ) GO TO 150 

A2=C 

HA2-=HAC , 

A1=A1 
GO TO 115 

150 Al=C 

HA1=HAC 

A2=A2 

130 “(MSU1-A2) .GE. .0001) GO TO 135 
125 RS (2) = (Al+A2)/2. 
rS(3)=xb 
IIF(2)=0 . 

■' GO TO 46 ■- 


n o o o 


CALCULATION OF LIKELIHOOD FUNCTION FOR BOTH THE ROOTS AND 
HENCE MLE OF a AND a 


.''V 

, , f 


DO 155 1=1,2 
S2=RS(I) 

T4=1./(XT/S2-AN1) 

T5=1.-T4 

TT=0. 

DO 170 J=1,N 

YX=X(J)’*T5)/S2 

IF(YX.LT. (-75) ) GO TO 160 

tl=exp(yx) 

GO TO 165 
TL=0. 

TT=TT+TL 

CONTINUE 

YYy=XT/S2 

IF(YYY.LE.50.) GO TO 175 
IF (TT.LE. . lE-10) GO TO 180 
FF (I) =T4*EXP (-YYY) *TT/ ( (S2) **N) 
GO TO 155 
FF(I)=0. 

CONTINUE 

IFCFF (1) .LE.FF(2) ) GO TO 100 
AML=RS(l) 

ALP=1/ (N*XB/AML-AN+1 . ) 

RETURN 
I AML=RS (2) 

ALP=1/ (N*XB/AML-AN+1 . ) 

RETURN 

END 




1084t!t; 
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